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Abstract

Random measures represent the fundamental building blocks for defining flexible priors in
Bayesian nonparametric models. Over the last three decades, there has been a widespread
diffusion of proposals aimed at introducing dependence among different random measures, in
order to properly account for various forms of heterogeneity in the observations while preserving
the possibility to borrow information across them.

The first part of the thesis focuses on vectors of dependent random measures defined through
hierarchical structures, arguably the most natural and popular strategy to specify nonparametric
priors for partially exchangeable data. These prior processes induce a random nested partition
structure on the observations, which is usually taken into account by introducing additional
latent variables. In this work, we propose a unified approach to hierarchies of random measures,
in which such latent variables are directly inserted into the generative model for the data; within
this framework, we identify a common structure shared by different hierarchical constructions
proposed in the literature, and highlight a key identity which plays a prominent role in the
derivation of quantities of interest. Furthermore, we consider hierarchical completely random
measures as mixing measures to define dependent mixture hazard rates, which are in turn
employed in the context of survival analysis to model competing risks data. We derive analytical
results for Bayesian inference and prediction, as well as efficient posterior sampling algorithms;
the effectiveness of our proposal is tested on simulated and clinical datasets.

The second part of the thesis contributes to the Bayesian nonparametric regression framework,
by introducing a collection of dependent random probability measures indexed by covariates,
which enter the model specification through a multiplicative kernel structure. This construction
induces a predictor-dependent random partition model, characterized by great flexibility and
inherent consistency for new observations, while retaining some analytical tractability. A
noteworthy example arises when the distribution of such random measures is a transformation of
the distribution of a stable process; moreover, the structure of the posterior distribution implied
by such specification suggests the introduction of a novel nonhomogeneous process, which extends
the two-parameter Poisson-Dirichlet process and acts as quasi-conjugate prior for our proposal.
The last chapter further develops this novel nonparametric process in the exchangeable setting,
and characterizes its prior-posterior updating mechanism, as well as its predictive structure.

i



Contents

Abstract i

1 Bayesian nonparametric models 1

1.1 Completely random measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Nonparametric priors based on CRMs . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Dirichlet and Pitman-Yor processes as normalized random measures . . . . . . . 6

2 A Unified Approach to Hierarchical Random Measures 9

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Hierarchical random measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3 Random partitions and latent variables . . . . . . . . . . . . . . . . . . . . . . . . 13

2.4 Key identity for random measures . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.5 Bayesian nonparametric hierarchical models . . . . . . . . . . . . . . . . . . . . . 18

2.6 Posterior characterizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.7 Generalized gamma CRMs as natural conjugate priors . . . . . . . . . . . . . . . 25

2.8 Remarks on the dependence structure of hierarchical CRMs . . . . . . . . . . . . 26

3 Hierarchically dependent mixture hazards for modelling competing risks 31

3.1 Competing risks in survival analysis . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.2 Modelling mixture hazard rates via random measures . . . . . . . . . . . . . . . . 35

3.3 Latent partition structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.4 Prediction curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.5 Posterior characterization and estimates . . . . . . . . . . . . . . . . . . . . . . . 42

3.6 Gibbs sampling schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.7 Numerical illustration and simulation study . . . . . . . . . . . . . . . . . . . . . 54

3.8 Applications to clinical datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

ii



Contents

4 Kernel-weighted random measures and covariate-dependent partitions 65

4.1 Bayesian nonparametric regression framework . . . . . . . . . . . . . . . . . . . . 66

4.2 Kernel-weighted normalized random measures . . . . . . . . . . . . . . . . . . . . 69

4.3 Marginal distribution and partition probability function . . . . . . . . . . . . . . 72

4.4 Latent variables and posterior characterization . . . . . . . . . . . . . . . . . . . 77

4.5 Predictive distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4.6 Future developments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5 Nonhomogeneous Pitman-Yor process 88

5.1 Construction of nonhomogeneous processes . . . . . . . . . . . . . . . . . . . . . 88

5.2 Marginal distribution and partition function . . . . . . . . . . . . . . . . . . . . . 91

5.3 Latent variable and posterior distribution . . . . . . . . . . . . . . . . . . . . . . 95

5.4 Predictive distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.5 Future developments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

A Proofs 102

A.1 Proofs of Chapter 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

A.2 Proofs of Chapter 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

A.3 Proofs of Chapter 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

A.4 Proofs of Chapter 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

Bibliography 144

iii



Chapter 1

Bayesian nonparametric models

In a Bayesian framework, observations from a homogeneous population are usually modeled as an
(infinitely extendable) exchangeable sequence, meaning that their distribution does not depend
on their order of appearance (de Finetti, 1937). Formally, an infinite sequence of observations
(Xn)n≥1 taking values in a complete and separable metric space X is exchangeable if and only if, for
each n ≥ 1 and each finite permutation π of the indices 1, . . . , n the probability distribution of the
random vector (X1, . . . , Xn) coincides with the probability distribution of the permuted random
vector (Xπ(1), . . . , Xπ(n)). The paramount role played by exchangeability within the Bayesian
approach is motivated by the celebrated de Finetti’s representation theorem (de Finetti, 1937),
which states that an exchangeable sequence can be equivalently represented as a conditionally
independent and identically distributed (i.i.d.) sequence, given a random probability measure p̃,
that is

X1, . . . , Xn | p̃
i.i.d.∼ p̃, n ≥ 1,

p̃ ∼ Q.
(1.1)

The random probability measure p̃ takes values in the space PX of probability measures on X,
and is sometimes referred to as the directing random measure (Aldous, 1985), while its probability
distribution Q is known as the de Finetti measure and acts as the prior distribution for Bayesian
inference; if the support of Q is an infinite-dimensional subset of PX, the resulting inferential
problem is typically termed nonparametric, which is the setting considered in this work.

In light of de Finetti’s result, the Bayesian modeling choice reduces to the identification
of a suitable distribution Q for the random probability measure p̃, that is, the selection of
a suitable prior. A probability measure may be characterized in many different ways: for
example, through its probability mass or density function, cumulative distribution function or
survival function, cumulative hazard, and hazard rate function. Each representation highlights
different features of the distribution, and may be preferred to the others depending on the main
target of the analysis: for this reason, different Bayesian nonparametric models have focused
on each of these representations. In particular, the renowned Dirichlet process (Ferguson, 1973,
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Chapter 1. Bayesian nonparametric models

1974), which represents the cornerstone of Bayesian nonparametric modeling, may successfully
characterize both random probability mass functions and random density functions, via mixtures
with countinuous probability kernels (Lo, 1984). In the setting of survival analysis, random
cumulative distribution functions can be modeled as neutral-to-the right processes (Doksum, 1974;
Walker and Muliere, 1997), while models for random cumulative hazards and random hazard
rate functions have been proposed in Hjort (1990) and Dykstra and Laud (1981). The seminal
contributions mentioned above share one common feature: the random probability measure p̃
is modeled as a suitable transformation of a completely random measure. Indeed, completely
random measures (Kingman, 1967) are a remarkable class of discrete random measures that
lends itself to modeling both discrete functions, thanks to their almost-sure discrete nature, and
continuous ones, typically through kernel smoothing; moreover, completely random measures
feature an infinite number of random atoms and random weights, which guarantees full-modeling
flexibility of many quantities of interest. A comprehensive review highlighting on the role of
completely random measures as unifying concept in Bayesian nonparametrics is proposed in Lijoi
and Prünster (2010), on which the rest of this chapter is widely based.

1.1 Completely random measures

Let (X,X ) be a complete and separable metric space, and denote by M the space of boundedly
finite measures on (X,X ) equipped with the corresponding Borel σ-algebra M, that is, the
smallest σ-algebra that makes the projections A 7→ µ(A) measurable for every measure µ and
every bounded set A; see Daley and Vere-Jones (2007) for details. A random element µ̃ defined
on some probability space (Ω,F ,P) taking values in (M,M) is termed random measure.

Definition 1.1. (Kingman, 1967) A completely random measure (CRM) µ̃ is a random measure
on (X,X ) such that, for any collection of n ≥ 1 bounded and pairwise disjoint sets A1, . . . , An ∈ X ,
the random variables µ̃(A1), . . . , µ̃(An) are mutually independent.

Completely random measures can be regarded as the natural extension to general Polish
spaces of stochastic processes on the real line with non-negative and independent increments,
as highlighted in (Kingman, 1967). In this work, we consider CRMs without deterministic
components and without fixed points of discontinuity: a CRM belonging to this class has
almost-surely discrete realizations, and can be represented as

µ̃(dx) =
∑
h≥1

Sh δX∗
h
(dx), (1.2)

where (Sh)h≥1 is a sequence of positive random jumps and (X∗
h)h≥1 is a sequence of random

locations (points of discontinuity) in X. In fact, the almost-sure discreteness of their realizations
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Chapter 1. Bayesian nonparametric models

stems from their characterization as linear functionals of Poisson random measures,

µ̃(dx)
d
=

∫
R+

s Ñ(ds, dx), (1.3)

where Ñ is a Poisson random measure on the product space R+ × X. The distribution of CRMs
is characterized by their Laplace functional transform at any non-negative measurable function
f : X 7→ R+, namely

E
[
exp

{
−
∫
X
f(x) µ̃(dx)

}]
= exp

{
−
∫
R+×X

(1− e−s f(x)) ν(ds, dx)
}
, (1.4)

where ν is the Lévy intensity measure uniquely identifying µ̃; this characterization motivates
the notation µ̃ ∼ CRM(ν). Note that ν is the mean intensity measure of the Poisson random
measure Ñ in (1.3), and must satisfy the condition∫

R+×X
min(s, 1) ν(ds, dx) <∞.

The Lévy intensity measure ν can be always disintegrated as

ν(ds, dx) = ρ(ds|x)α(dx), (1.5)

where ρ : B(R+) × X 7→ R+ is a transition kernel characterizing the random jumps and α is a
σ-finite measure on (X,X ) characterizing the random locations in (1.2). In view of the discussion
contained in Chapter 2, it is relevant to point out that, when α is a diffuse measure, such
random locations are almost-surely distinct. Lévy intensities, and the corresponding CRMs, are
termed homogeneous if ρ(· |x) = ρ(·) is a measure not depending on x ∈ X, and nonhomogeneous
otherwise. An exhaustive account on CRMs can be found in Kingman (1993).

In the following, homogeneous CRMs are often considered for their simplicity and tractability;
intuitively, this is equivalent to the independence between atoms and jumps of the corresponding
random measure. Moreover, the measure α appearing in (1.5) is assumed to be finite, which
ensures that the random measure is finite almost surely. This implies that the total mass of α can
be included into the transition kernel ρ, and the Lévy intensity measure is uniquely disintegrated
as

ν(ds, dx) = ρ(ds)P0(dx),

with P0 a diffuse probability measure on (X,X ), termed base probability measure; in the following,
it will be sometimes useful to resort to this representation rather than on (1.5). The infinite
activity property of the Lévy intensity measure is also assumed, namely ρ(R+) = ∞, which
implies that the corresponding random measure has an infinite number of jumps on any bounded
set, and thus ensures it is non-zero almost surely. Further details can be found in Regazzini et al.
(2003).
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Chapter 1. Bayesian nonparametric models

The fundamental example of homogeneous CRM is represented by the gamma process, which
corresponds to P0 being a diffuse probability measure and

ρ(ds) = θ s−1 e−β s ds, (1.6)

where θ > 0 and β > 0 are positive parameters; from the characterization in (1.4), it follows that
µ̃(A) has gamma distribution, for every A such that α(A) > 0. The generalized gamma process
(Brix, 1999) corresponds to the specification

ρ(ds) =
θ

Γ(1− σ)
s−σ−1 e−βs ds, (1.7)

where σ ∈ [0, 1), and includes, as notable special cases, the above-mentioned gamma process,
obtained setting σ = 0, and the σ–stable process, characterized by the choice β = 0.

On the other hand, nonhomogeneous CRMs appearing in the literature are typically the
result of a change of measure with respect to homogeneous CRMs; indeed, a nonhomogeneous
completely random measure µ̃g can be defined, for every set A ∈ X , as

µ̃g(A) :=

∫
A
g(x) µ̃(dx), (1.8)

where µ̃ is a homogeneous CRM and h : X 7→ R+ a measurable non-negative function, playing
the role of Radon-Nikodym derivative. Intuitively, the jumps of the homogeneous random
measure µ̃ are rescaled according to the value of function g(·) at the corresponding locations,
thus introducing dependence between jumps and atoms. This construction has been considered
by Dykstra and Laud (1981) to define the extended gamma process, characterized by

ρ(ds|x) = θ s−1 e−β(x) s ds, (1.9)

where θ > 0 and β : X 7→ R+ is a measurable non-negative function; the same specification is
investigated by Lo (1982), where is termed weighted gamma process.

1.2 Nonparametric priors based on CRMs

In Bayesian nonparametrics, (completely) random measures represent a very natural and conve-
nient choice of discrete random measures, and can be effectively exploited as the basic building
block for the construction of nonparametric priors, as remarked in the introduction to this chapter.
The present work considers random probability measures and random hazard rates obtained
from two suitable transformations of random measures: normalizations and kernel mixtures.
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Normalized random measures. An almost surely discrete random probability measure p̃
can be defined via normalization of a random measure µ̃ as

p̃(dx) :=
µ̃(dx)

µ̃(X)
, (1.10)

provided that 0 < µ̃(X) <∞ almost surely; in case µ̃ is a homogeneous CRM, these conditions are
guaranteed by the finiteness of α and the infinite activity property, as proved in Regazzini et al.
(2003), where this normalization procedure has first been introduced. A posterior characterization
of normalized CRMs has been derived in James et al. (2009) for the exchangeable setting. Popular
special instances include the Dirichlet process (Ferguson, 1973), which arises from normalization
of gamma CRMs (Ferguson, 1973, 1974), the normalized σ–stable process (Kingman, 1975), the
normalized inverse Gaussian process (Lijoi et al., 2005) and the normalized generalized gamma
process (Lijoi et al., 2007); their use in mixture models is reviewed in Barrios et al. (2013).
Henceforth, whenever µ̃ ∼ CRM(ν), its normalization p̃ in (1.10) is denoted by p̃ ∼ nCRM(ν).

Random mixture hazard rates. In survival analysis, the time to failure is usually modeled
by a random variable T , taking values on R+, whose probability distribution is here assumed to
be absolutely continuous with respect to the Lebesgue measure. The hazard rate function of T
represents the instantaneous risk of failure, and is defined as

h(t) :=
f(t)

S(t)
, t ∈ R,

where f is the density function of T and S is its survival function. A random hazard rate function
can be effectively modeled as a mixture of a suitable smoothing kernel over a random measure µ̃
as

h̃(t) :=

∫
X
k(t;x) µ̃(dx), (1.11)

where k : R+ ×X 7→ R+ is a deterministic non-negative kernel. Such appealing mixture structure
was introduced in the pioneering papers by Dykstra and Laud (1981) and Lo and Weng (1989),
where the authors restrict to a gamma process on R+ as mixing random measure. Further
developments considering general kernel choices and arbitrary CRMs are described in James
(2005), where the posterior characterization of the mixing random measure is explicitly derived;
see also Ishwaran and James (2004).

Given the mixture representation in (1.11), the random survival function is expressed in
terms of the random hazard rate as

S̃(t) = exp

{
−
∫ t

0

∫
X
k(s;x) µ̃(dx) ds

}
, (1.12)

which is a proper survival function whenever limt→∞ S̃(t) = 0 almost surely. In case µ̃ is a
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homogeneous CRM, this condition is guaranteed by infinite activity and requiring∫
R+

k(s;x) ds =∞, P0 − a.s. (1.13)

A very popular kernel specification was proposed in Dykstra and Laud (1981), where the authors
consider X = R+ and define k(t;x) = γ(x)1(t ≥ x), for γ positive and right-continuous function.
Such kernel satisfies the condition in (1.13) and represents the reference choice for modelling
increasing hazard rates. For simplicity, this work considers γ(x) = γ to be a constant function,
though results presented in the following can be easily extended to non-constant specifications
of γ function. Alternative kernel choices which are not bound to the modelling of increasing
hazard rates are the rectangular kernel k(t;x) = γ(x)1(0 ≤ t− x ≤ τ), with bandwidth τ > 0,
and the exponential (or Ornstein-Uhlenbeck) kernel k(t;x) =

√
2κ exp(−κ(t− x))1(t ≥ x), with

rate parameter κ > 0 (Ishwaran and James, 2004; De Blasi et al., 2009); however, these kernel
specifications do not satisfy the condition in (1.13). Further methodological and computational
investigations can be found, e.g., in Ishwaran and James (2004); Nieto-Barajas and Walker (2004);
Catalano et al. (2020).

1.3 Dirichlet and Pitman-Yor processes as normalized random
measures

The Dirichlet process (DP) stands out as the fundamental and most celebrated nonparametric
prior since its introduction in the seminal paper by Ferguson (1973); its relevance and influence
within Bayesian nonparametrics is pointed out by Ghosal and van der Vaart (2017):

. . . The importance of the Dirichlet process in Bayesian nonparametrics is comparable
to that of the normal distribution in probability and general statistics. . . .

A number of equivalent constructions of the Dirichlet process have been proposed in the literature,
each highlighting different properties and paving the way to its many possible extensions. Ferguson
(1973) introduced the Dirichlet process through its finite-dimensional distributions, that is, as
the random probability measure on a metric space whose evaluations on a finite and measurable
partition of such space have Dirichlet distribution; the predictive characterization and connection
with Polya urn schemes was proposed by Blackwell and MacQueen (1973), while Sethuraman
(1994) popularized the stick-breaking construction within the statistical framework. This section
focuses on the construction of the Dirichlet process as a normalization of a gamma process,
which was already proposed as an alternative definition by Ferguson (1973); indeed, the intuition
behind this characterization is, in Ferguson’s words,

. . . since the Dirichlet distribution is definable . . . as the joint distribution of a set
of independent gamma variables divided by their sum, so also should the Dirichlet
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process be definable as a gamma process with independent “increments” divided by
the sum. . . .

Specifically, consider a gamma process, characterized by the Lévy intensity with diffuse base
probability measure P0 and jump component specified in (1.6),

ρ(ds) = θ s−1 e−β s ds, (1.6)

where θ and β are positive parameters; the random probability measures defined by the normaliza-
tion of such gamma process, as in (1.10), is distributed according to a Dirichlet process with base
probability measure P0 and concentration parameter θ > 0. Note that the additional parameter
β > 0 disappears throughout the normalization, and β = 1 is usually assumed in this context.
From the Bayesian perspective, the prominent role of the Dirichlet process within the class of
normalized random measures is highlighted in James et al. (2006), where it is characterized as the
only conjugate prior among homogeneous normalized CRMs. Another interesting construction
of the Dirichlet process based on completely random measures stems from its characterization
as neutral-to-the right process (Doksum, 1974), and was first proposed in Ferguson (1974); see
also Walker and Muliere (1997) for an extension of such approach. A complete account of the
fundamental properties of the Dirichlet process and their implications can be found, e.g., in
Ghosal and van der Vaart (2017).

Over the last five decades, possible extensions of the Dirichlet process in various directions
have been explored in the literature, with the aim of enhancing its flexibility or accommodating
different types of data; among them, those based on suitable transformations of completely
random measures stand out for their analytical tractability (Lijoi and Prünster, 2010). A special
role in this framework is played by the two-parameter Poisson-Dirichlet process, first introduced
in Perman et al. (1992) and often referred to as Pitman-Yor process after the foundational paper
by Pitman and Yor (1997), where many of its properties are derived. The characterization of the
Pitman-Yor process (PY) as a normalized random measure is clarified in Pitman (2003), where
it is presented as a special case within the class of Poisson-Kingman distributions for sequences
of ranked random probability masses; indeed, the Pitman-Yor process is not a normalized CRM,
but arises as the normalization of a random measure defined through a change of measure with
respect to a stable CRM. Specifically, consider a σ-stable process µ̃σ, characterized by the Lévy
intensity with diffuse base probability measure P0 and jump component,

ρ(ds) =
σ

Γ(1− σ)
s−1−σ ds,

where σ ∈ [0, 1), and define the probability distribution of a random measure µ̃σ,θ as absolutely
continuous with respect to the distribution of µ̃σ, having Radon-Nikodym derivative

dL(µ̃σ,θ)
dL(µ̃σ)

(m) =
σΓ(θ)

Γ(θ/σ)
m(X)−θ, (1.14)
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where θ > −σ; the random probability measure defined by the normalization of µ̃σ,θ, as in (1.10),
is distributed according to a Pitman-Yor process with base probability measure P0, concentration
parameter θ and discount parameter σ. An alternative construction of the random measure
µ̃σ,θ, which is arguably simpler but less convenient for the purposes of this work, is obtained by
considering a generalized gamma process, as specified in (1.7), and placing a gamma hyperprior
on its concentration parameter (Pitman and Yor, 1997). Note that the Pitman-Yor process also
admits a convenient representation as stick-breaking prior, as already remarked in Pitman (1995).
Moreover, it stands out as a notable example among Gibbs-type priors, introduced by Gnedin
and Pitman (2006) and further studied from the statistical perspective in Lijoi et al. (2007, 2008);
in particular, Lijoi et al. (2008) characterize the Pitman-Yor process and the only quasi-conjugate
Gibbs-type prior.
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Chapter 2

A Unified Approach to Hierarchical
Random Measures

Hierarchical models enjoy great popularity due to their ability to handle heterogeneous
groups of observations by leveraging on their underlying common structure. In
a Bayesian nonparametric framework, the hierarchy is introduced at the level of
group-specific random measures, and then translated at the observations’ level via
suitable transformations. This chapter proposes a new strategy to derive closed-form
expressions for the marginal and posterior distributions of each group. Indeed, a
common structural core shared by the different hierarchical constructions proposed in
the Bayesian nonparametric literature is unraveled by directly inserting a suitable set
of latent variables into the generative model for the data. Specifically, this chapter
identifies a key identity that underlies such hierarchical models and highlights its role
in the derivation of quantities of interest.

2.1 Introduction

Recent developments in Bayesian nonparametrics are focused on flexible ways to account for
different forms of heterogeneity across observations; see Cifarelli and Regazzini (1978) and
MacEachern (1999, 2000) for pioneering works, and Quintana et al. (2022) for a recent review.
A particularly relevant framework is that of partial exchangeability (de Finetti, 1938), which
allows to model multiple groups of observations sharing similar features, with homogeneity
(exchangeability) holding within each group, while preserving some heterogeneity across different
groups. Typical instances include patients affected by the same disease and treated in different
hospitals, or children of the same age raised in different countries. A generalization of de Finetti’s
representation theorem for multiple groups of observations characterizes partially exchangeable
sequences as conditionally independent sequences, given group-specific random probability
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measures; since groups are assumed to share similar features, it is important to incorporate
borrowing of information across different groups. This objective is naturally met by the Bayesian
paradigm: if dependence among the group-specific random probability measures is introduced a
priori, the posterior distribution for each group should also make use of the information contained
in the other groups. This typically induces a shrinkage effect that makes the posterior estimates
more reliable, and disappears as the number of observations diverges.

The previous discussion raises the fundamental question of how to introduce dependence among
random (probability) measures, which has been addressed from several different perspectives in
the vast literature on the topic. De Iorio et al. (2004) develop the dependent Dirichlet process
framework of MacEachern (1999, 2000) by imposing an ANOVA-type structure on the atoms,
while Dunson and Park (2008) and Rodriguez and Dunson (2011) model predictor-dependent
weights via kernel and probit transformations. As for the partially exchangeable setting, proposals
inducing dependence across different groups of observations include additive (Müller et al., 2004;
Griffin et al., 2013; Lijoi et al., 2014), nested (Rodriguez et al., 2008; Camerlenghi et al., 2019; Lijoi
et al., 2023) and hierarchical structures (Teh et al., 2006; Camerlenghi et al., 2019, 2021). Further
interesting constructions of dependent completely random measures, based on multivariate Lévy
intensities, can be found in Epifani and Lijoi (2010); Riva-Palacio and Leisen (2018, 2021),
which exploit Lévy copulas, and in Griffin and Leisen (2017), where the authors introduced
compound random measures (CoRMs), a general class of dependent random measures including
both superpositions of CRMs (Lijoi and Nipoti, 2014; Lijoi et al., 2014) and thinned CRMs
(Chen et al., 2013; Lau and Cripps, 2022). See also the review by Quintana et al. (2022) and
references therein. Among these constructions, hierarchical forms of dependence are arguably
the most natural ones within the Bayesian framework: as dependence among homogeneous
(exchangeable) observations is typically introduced through conditional independence, it is
conceptually straightforward to introduce dependence among the random (probability) measures
through conditional independence as well. Thanks to de Finetti’s representation theorem, this
approach leads to an (infinitely extendable) exchangeable sequence of random measures. A
compelling strategy to define conditionally independent completely random measures consists
in assuming a random base measure, which is modeled either through a normalized completely
random measure or directly through a completely random measure. The first approach has
been mainly used to model dependent random discrete probability measures (Teh et al., 2006;
Camerlenghi et al., 2019; Argiento et al., 2020), whereas the second has been used to provide
the main ingredients to model dependent random hazard functions (Camerlenghi et al., 2021),
though it is probably interesting to remark that, in principle, they could both be used to model
both quantities.

These two classes of hierarchical models entail different dependence assumptions on the random
measures; however, they also present significant conceptual and mathematical similarities. This
chapter investigate such similarities and proposes a unifying framework that sheds light on their
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common structure and on intriguing analogies in their posterior and predictive representations.
Indeed, even if dealing with hierarchical models may appear more challenging than treating
simpler exchangeable ones, they both rely on the same identity, which can be applied recursively to
reduce the analysis of the multi-group framework to the easier single-group scenario. Specifically,
consider a completely random measure µ̃ with a diffuse base probability measure, i.e. whose
atoms are distinct almost surely. For any non-negative measurable function f , and mutually
disjoint balls Bε(x∗j ) = {x : d(x, x∗j ) < ε }, the limiting behavior of

E

exp{−∫
X
f(x) µ̃(dx)

} k∏
j=1

µ̃(Bε(x
∗
j ))

nj

 , (2.1)

as ε → 0, can be explicitly characterized as recalled in (2.10) of Section 2.4. Thanks to this
identity, one can derive the distribution of the random partition for exchangeable observations
according to their ties, which in turn determines both the predictive and posterior distributions,
as shown in James et al. (2006, 2009).

At first sight, it seems difficult to extend this strategy to the multi-group hierarchical
framework: indeed, the base probability measure of each exchangeable completely random
measure is modeled as an almost-surely discrete random measure itself (Section 2.2). This implies
that the atoms of such measures display ties with positive probability, and thus do not fit into
the above framework. Camerlenghi et al. (2019, 2021) work around this issue by exploiting
the celebrated Faà di Bruno’s formula, expressing higher order derivatives of compositions of
functions: eventually, the inherent combinatorial structure induced by this formula turns out to
be effectively represented by introducing suitable latent variables. Leveraging on this observation,
this chapter proposed an alternative approach that bypasses the Faà di Bruno formula by directly
inserting the latent variables into the data generative model. From an analytical point of
view, this strategy substantially mitigates the combinatorial burden connected to the Faà di
Bruno’s formula, at the negligible cost of an augmented Lévy intensity measure. In addition, the
description of the induced random partition structure becomes more transparent, as it can be
considered a mere consequence of the ties within sequences of latent (unobserved) variables.

The intuition behind such proposal is the following: by adding a diffuse independent mark to
each atom of the exchangeable random measure, one derives a completely random measure on
the joint space of the atoms and the marks with the compelling property of not displaying ties
almost surely. Then, one may use (2.1) on the augmented random measure and possibly remove
the auxiliary latent marks through marginalization. Remarkably, this strategy leads to posterior
and predictive representations for both classes of hierarchical models, thanks to a fundamental
identity that extends (2.1) to hierarchical random measures. In Basu and Tiwari (1982), which
stands out as an insightful contribution to the foundations of the Dirichlet process, the authors
state a crucial desirable property for nonparametric models:
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. . . If a prior is selected from this class, then the posterior distribution given a sample
of observations from P is manageable analytically, and it belongs to the class, i.e. the
class is closed under ‘Bayesian operation’. . . .

The present contribution shows that the two considered classes of hierarchical nonparametric
priors meet such desideratum, by developing the necessary analytical tools and suitably extending
the notion of closure to fit the more complex partially exchangeable framework.

The chapter is structured as follows. Section 2.2 introduces dependence between completely
random measure through two related hierarchical constructions. Section 2.3 provides some
intuition on the induced partition structure and introduces a convenient set of latent variables,
representing the marks of the atoms in the previous discussion; its formal treatment can be found in
Section 2.4, together with the key identity mentioned above for closed-form computations involving
CRMs, which is then exploited to derive marginal distributions. The posterior characterization
of CRMs is described in Section 2.6 for both classes of hierarchical models; in light of these
results, the generalized gamma completely random measure arises as the natural conjugate prior,
as discussed in Section 2.7. Finally, Section 2.8 provides further insights on the dependence
structure between hierarchical random measures, together with some intuition on how to enhance
its flexibility.

2.2 Hierarchical random measures

Hierarchical structures represent a natural way to construct vectors of dependent random measures
(Section 2.1). Indeed, dependence in a vector of random measures µ̃ can be induced through the
following hierarchical scheme:

µ̃ = (µ̃1, . . . , µ̃D) | µ̃0
i.i.d.∼ G̃,

µ̃0 ∼ G0,
(2.2)

where G̃ is the (random) conditional distribution of each µ̃d, for d = 1, . . . , D, given the random
measure µ̃0, which represents the root of the hierarchy and is distributed according to G0.
Completely random measures are particularly well-suited to this hierarchical structure, as the
random measure µ̃0 at the root of the hierarchy can be easily incorporated into the Lévy intensity
measure characterizing the distribution G̃ of the vector at the lower level of the hierarchy. This
chapter considers two different hierarchical constructions that are commonly used to model
dependent random probabilities and dependent random hazard rates, respectively.

A vector of dependent discrete random probability measures can be defined through the
hierarchical structure

p̃ = (p̃1, . . . , p̃D) | p̃0
i.i.d.∼ nCRM(ν̃norm),

p̃0 ∼ nCRM(ν0),
(2.3)

12
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where p̃1, . . . , p̃D are conditionally independent normalized CRMs with random Lévy intensity
measure

ν̃norm(ds, dx) = ρ(ds) p̃0(dx),

and p̃0 is the normalized CRM at the root of the hierarchy, with Lévy intensity measure
ν0(ds, dx) = ρ0(ds)P0(dx). This hierarchical nonparametric construction was first introduced
in Teh et al. (2006) for the special case of hierarchical Dirichlet processes, and extensively
studied in Camerlenghi et al. (2019) for the more general class of processes considered here.
Further investigations beyond the Dirichlet setup can be found, e.g., in Teh and Jordan (2010);
Camerlenghi et al. (2017, 2018); Catalano et al. (2024).

In the case of random mixture hazard models, normalization of random measures is not
needed to define the nonparametric prior, since it results from the combination of dependent
non-normalized random measures with suitable kernels. The hierarchical structure defining the
vector of underlying dependent random measures is therefore

µ̃ = (µ̃1, . . . , µ̃D) | µ̃0
i.i.d.∼ CRM(ν̃),

µ̃0 ∼ CRM(ν0),
(2.4)

where µ̃1, . . . , µ̃D are conditionally independent CRMs with random Lévy intensity measure

ν̃(ds, dx) = ρ(ds) µ̃0(dx),

and µ̃0 is the CRM at the root of the hierarchy, with Lévy intensity measure ν0(ds, dx) =

ρ0(ds)P0(dx). This class of mixture hazard rates, based on a hierarchical dependence structure
of the underlying random measures, was introduced in Camerlenghi et al. (2021); an alternative
approach to define dependent mixture hazards can be found in Lijoi et al. (2014).

2.3 Random partitions and latent variables

Consider an array of partially exchangeable sequences with de Finetti measure featuring the
hierarchically dependent specification discussed in the previous section. The almost-sure dis-
creteness of (normalized) CRMs naturally induces a random nested partition structure, with
groups including elements both within and across such partially exchangeable sequences. This
partition structure can be regarded as a two-level extension of the random partition induced by
discrete random probability measures in the exchangeable setting, conveniently described by the
well-known Chinese restaurant process metaphor (Aldous, 1985; Pitman, 1996); indeed, it was first
characterized for hierarchical Dirichlet processes by Teh et al. (2006), where the authors introduce
the Chinese restaurant franchise metaphor, and later generalized for hierarchical (normalized)
CRMs in Camerlenghi et al. (2019), Argiento et al. (2020) and Camerlenghi et al. (2021). The
characterization of such partition structure is proposed in this section through the hierarchical
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prior specification in (2.3), based on normalized random measures; however, it characterizes
every Bayesian nonparametric model built upon hierarchical CRMs priors, being a property of
the hierarchical structure itself rather than of the specific model.

Consider the array of D partially exchangeable samples

Xd = (Xd1, . . . , XdNd
) | p̃d

i.i.d.∼ p̃d, d = 1, . . . , D,

p̃ = (p̃1, . . . , p̃D) ∼ QD,
(2.5)

for integers N1, . . . , ND ≥ 1, where QD is the hierarchical prior in (2.3). The almost-sure
discreteness and dependence of the random probability measures in p̃ imply that tied values
occur with positive probability both within and across samples, that is P(Xℓi = Xκj) > 0 for
any ℓ and κ. Therefore, a random partition of the observations is naturally induced, whereby
two elements are in the same partition group if and only if they have the same value. Denote
by X∗

1 , . . . , X
∗
k the k distinct values assumed in the D partially exchangeable samples, with

respective multiplicities n1, . . . , nk. As a consequence, elements belonging to the same partition
group may or may not belong to the same sample, which means that there is no structural
relationship between the random partition induced by tied values and the natural one determined
by the D samples. Let ndj be the number of elements in sample d belonging to group j,

ndj =

Nd∑
i=1

(Xdi = X∗
j ), d = 1, . . . , D, j = 1, . . . , k;

given the two-fold nature of the partition structure, observed values are not enough to fully
characterize its complexity. It is therefore convenient to introduce corresponding sequences of
latent variables

Zd = (Zd1, . . . , ZdNd
), d = 1, . . . , D,

taking values on a complete and separable metric space (T, T ), which themselves admit ties
with positive probability. These latent variables are formally introduced in the next section for
both normalized random measures and random mixture hazards models, and allow to describe a
finer partition structure, featuring ties within each sample (but not across samples); this greatly
simplifies the learning scheme. In particular, for each sample d and each group j, consider
the ndj elements in Xd for which Xdi = X∗

j holds. The corresponding elements in Zd may
themselves show ties: denote by Z∗

dj1, . . . , Z
∗
djrdj

their rdj distinct values, with multiplicities
qdj1+ · · ·+ qdjrdj = ndj . Notice that, whenever Zdi = Zdi′ then Xdi = Xdi′ , i.e. a tie among values
in Zd implies a tie among the corresponding elements in Xd, while the converse is not necessarily
true. Moreover, let rj be the partial sum of elements in (rdj)dj with respect to d, and let r be
their total sum.

As briefly mentioned above, an intuitive description of the partition structure introduced in
this section is provided by the well-known Chinese restaurant franchise metaphor, first presented
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in Teh et al. (2006) for the hierarchical Dirichlet process. According to this scheme, a franchise
consists of D restaurants sharing the same menu, which includes an infinite number of dishes;
each restaurant has infinitely many tables and the customers seated at the same table eat the
same dish. Customers arriving at each restaurant may choose to either sit at a table with other
customers, thus eating the dish already served at that table, or sit at an empty table, either
eating a dish already served at other tables in the franchise or eating a new dish from the menu.
Notice that, in contrast to the simple Chinese restaurant metaphor, the same dish can be served
at different tables within the same restaurant and across different restaurants. Embedding the
partition structure described above in the metaphor, element Xdi represents the dish served in
restaurant d to customer i, and the distinct values X∗

1 , . . . , X
∗
k represent the k distinct dishes

served in the franchise, with ndj being the number of customers eating dish j at restaurant d.
Likewise, the latent variable Zdi represents the table in restaurant d at which customer i is seated,
with rdj being the number of tables in restaurant d at which dish j is served, and qdjh being the
number of customers in restaurant d eating dish j at table h.

The sequences of latent variables introduced above can be explicitly included in the hierarchical
prior specifications by extending the random measures at the lower level of the hierarchies to a
larger space (as further clarified in the next section). Specifically, given the root of the hierarchy,
the conditionally independent (normalized) CRMs appearing in (2.3) and (2.4), namely p̃1, . . . , p̃D
and µ̃1, . . . , µ̃D, can be extended as random measures on T× X, and characterized, respectively,
by the augmented random Lévy intensities

ν̃enorm(ds, dz, dx) = ρ(ds)H(dz) p̃0(dx), ν̃e(ds, dz, dx) = ρ(ds)H(dz) µ̃0(dx),

where H is an arbitrary diffuse probability measure on (T, T ). As a consequence, each extended
random measure at the lower level of the hierarchy can be represented, respectively, as

p̃ed(dz, dx) =
∑
h≥1

Sdh δ(Z∗
dh,X

∗
dh)

(dz, dx), µ̃ed(dz, dx) =
∑
h≥1

Sdh δ(Z∗
dh,X

∗
dh)

(dz, dx), (2.6)

where (Sdh)h≥1 and (Z∗
dh)h≥1 are independent sequences of random (probability) jumps and marks,

while (X∗
dh)h≥1 is a sequence of independent locations sampled proportionally to, respectively, p̃0

and µ̃0. Note that the random measures on (X,X ) introduced in the original definition are easily
recovered via marginalization of the marks.

An interesting feature of this analytical device is the extension of the (random) discrete
components, defined on X, of the Lévy intensity measures characterizing CRMs at the lower
level of the hierarchies, to diffuse components, defined on T× X, as a consequence of H being a
diffuse measure. Such property turns out to be fundamental for the recursive application of the
result in (2.10) in presence of hierarchical schemes, as discussed in the following section.
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2.4 Key identity for random measures

The availability of a framework to describe the random partition structure induced by discrete
hierarchical priors is a prerequisite for the determination of marginal and posterior distributions.
In this respect, the possibility to marginalize quantities of interest with respect to the prior
distribution represents the cornerstone of computations with CRMs, and relies on a specific core
structure, which leads to closed-form and tractable expressions.

Let µ̃ be a homogeneous CRM with Lévy intensity measure ν(ds, dx) = ρ(ds)α(dx), where α
is a finite diffuse measure on X; both its Laplace exponent and cumulants, defined respectively by

ψ(u) =

∫
R+

(
1− e−us

)
ρ(ds), τ(m;u) =

∫
R+

sme−usρ(ds), (2.7)

play a crucial role in the investigation of the distributional properties of µ̃. The core quantity
representing the building block for every computation with CRMs is

exp

{
−
∫
X
f(x)µ̃(dx)

} k∏
j=1

µ̃(Bε(x
∗
j ))

nj (2.8)

where Bε(x∗j ) = {x ∈ X : d(x, x∗j ) < ε }, for j = 1, . . . , k, are ε-balls centered at distinct values
x∗1, . . . , x

∗
k ∈ X, with multiplicities n1, . . . , nk ≥ 1 such that

∑k
j=1 nj = n, and f : X 7→ R+ is any

non-negative measurable function. Computing the expectation of the quantity in (2.8), one can
prove that

lim
ε→0

E

exp{−∫
X
f(x)µ̃(dx)

} k∏
j=1

µ̃(Bε(x
∗
j ))

nj


k∏
j=1

α(Bε(x
∗
j ))

= exp

{
−
∫
X
ψ(f(x))α(dx)

} k∏
j=1

τ(nj ; f(x
∗
j )), (2.9)

which can be informally rewritten as

E

exp{−∫
X
f(x) µ̃(dx)

} k∏
j=1

µ̃(dx∗j )
nj


= exp

{
−
∫
X
ψ(f(x))α(dx)

} k∏
j=1

τ(nj ; f(x
∗
j ))α(dx

∗
j ). (2.10)

A simplified proof of the identity (2.9), based on the characterization of completely random
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measures through their Laplace function transform, is proposed in Appendix A.1. Formally, the
left-hand side of (2.10) can be interpreted as the (first) moment measure of an exponentially
tilted n-fold product random measure of the CRM µ̃, restricted to a specific subset of Xn: indeed,
µ̃(·)nj may be regarded as the restriction of the nj-fold product measure of µ̃ to the diagonal
∆nj = { (x1, . . . , xnj ) ∈ Xnj : x1 = · · · = xnj }, through the correspondence

µ̃(A)nj = µ̃nj
(
{ (x, . . . , x︸ ︷︷ ︸

nj

) : x ∈ A }
)
= µ̃nj

(
(A× · · · ×A︸ ︷︷ ︸

nj

) ∩∆nj

)
,

which is non-zero due to the almost-sure discreteness of µ̃. Similarly,
∏k
j=1 µ̃(dx

∗
j )
nj may be

identified with the restriction of the n-fold product measure of µ̃ to a particular subspace of Xn.
Specifically, for any 1 ≤ k ≤ n, consider the linear subspaces of Xn of dimension k for which the
n coordinates can be partitioned into k groups with multiplicities n1, . . . , nk, where coordinates
in the same group take on the same value. The moment measure introduced above, restricted
to each of such k-dimensional subspaces, is shown in (2.10) to be absolutely continuous with
respect to the product measure αk, i.e. the k-fold product of α with itself, with Radon-Nikodym
derivative

exp

{
−
∫
X
ψ(f(x))α(dx)

} k∏
j=1

τ(nj ; f(x
∗
j )),

where x∗1, . . . , x∗k ∈ X are the k distinct values assumed by coordinates belonging to the same
group. Note that this density only depends on the groups’ multiplicities n1, . . . , nk and distinct
values x∗1, . . . , x∗k, while the coordinates’ ordering identifies the specific k-dimensional subspace
where the measure in (2.10) is concentrated. Moreover, such measure can be decomposed into
the product of a constant exponential term and k independent measures on X, each absolutely
continuous with respect to the diffuse measure α.

This result is particularly suited to hierarchical structures of random measures: indeed, if the
random measure µ̃ is defined through a hierarchical scheme and α is itself a random measure, the
same result can be applied recursively, since the structure in (2.8) reappears for measure α in the
right-hand side of (2.10). Note that the equality above holds true only for diffuse choices of the
finite measure α, making it potentially useless if α is a CRM (thus having almost surely discrete
realizations). However, this issue is successfully addressed by replacing the random measure µ̃
with its extended counterpart, as formally described hereunder. Let µ̃e be a homogeneous CRM
with random Lévy intensity measure

ν̃e(ds, dz, dx) = ρ(ds)H(dz) µ̃0(dx),

where H is a diffuse probability measure on T and µ̃0 is itself a homogeneous CRM with Lévy
intensity measure ν0(ds, dx) = ρ0(ds)P0(dx), for P0 a diffuse probability measure on X. The
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core quantity of interest, playing the role of (2.8) for hierarchical schemes, is

exp

{
−
∫
T×X

f(x) µ̃e(dz, dx)

} k∏
j=1

rj∏
h=1

µ̃e(dz∗jh, dx
∗
j )
qjh , (2.11)

where x∗1, . . . , x
∗
k ∈ X are distinct values, z∗j1, . . . , z

∗
jrj
∈ T are the rj ≥ 1 distinct values

corresponding to the same x∗j with multiplicities qj1, . . . , qjrj ≥ 1 and such that
∑k

j=1 rj = r,
and f : X 7→ R+ is any non-negative measurable function. The expectation of such quantity with
respect to the random measure µ̃ is computed by recursive application of (2.10), first at the
lower level and then at the root of the hierarchy, obtaining

E

exp{−∫
T×X

f(x) µ̃e(dz, dx)

} k∏
j=1

rj∏
h=1

µ̃e(dz∗jh, dx
∗
j )
qjh


= exp

{
−
∫
X
ψ0(ψ(f(x)))P0(dx)

} k∏
j=1

τ0(rj ;ψ(f(x
∗
j )))P0(dx

∗
j )

×
k∏
j=1

rj∏
h=1

τ(qjh; f(x
∗
j ))H(dz∗jh), (2.12)

where τ0 and ψ0 are defined as in (2.7) replacing ρ with ρ0. Similarly to the non-hierarchical
case, (2.12) defines a (first) moment measure of an exponentially tilted n-fold product measure
of the random measure µ̃e with itself, which is here a measure on the space (T×X)n = Tn ×Xn.
Specifically, consider the linear subspaces of Tn × Xn of dimension r × k for which the 2n

coordinates can be grouped according to the partition structure encoded into elements (qjh)jh.
This moment measure, restricted to each of such subspaces, is shown in (2.12) to be absolutely
continuous with respect to the product measure Hr × P k0 , with Radon-Nikodym derivative

exp

{
−
∫
X
ψ0(ψ(f(x)))P0(dx)

} k∏
j=1

τ0(rj ;ψ(f(x
∗
j )))

( rj∏
h=1

τ(qjh; f(x
∗
j ))

)
,

where x∗1, . . . , x∗k ∈ X are the k distinct values assumed by X-valued coordinates belonging to the
same group. Again, this measure can be decomposed into the product of a constant exponential
term, the r-fold product of H with itself, and k independent measures on X, each absolutely
continuous with respect to the diffuse probability measure P0.

2.5 Bayesian nonparametric hierarchical models

This section is devoted to the analysis of the likelihood functions associated to normalized
random measures and random mixture hazards, assuming partially exchangeable models with a
hierarchical prior specification. In particular, the introduction of latent variables specific to each
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model, together with suitable analytical manipulations, recovers the core structure introduced
in (2.11), which in turn allows for the computation of marginal distributions explicitly via the
recursive application of (2.10).

Normalized random measures. Consider the array of D partially exchangeable samples

Xd = (Xd1, . . . , XdNd
) | p̃d

i.i.d.∼ p̃d, d = 1, . . . , D,

p̃ = (p̃1, . . . , p̃D) | p̃0
i.i.d.∼ nCRM(ν̃norm),

p̃0 ∼ nCRM(ν0),

(2.13)

for integers N1, . . . , ND ≥ 1 and hierarchical prior (2.3). Introducing the corresponding latent
variables, which represent the tables in the restaurant franchise metaphor, the likelihood function
associated to the augmented sample (Xd,Zd) is

L(µ̃ed;Xd,Zd) =

Nd∏
i=1

p̃ed(dZdi, dXdi) = µ̃ed(T,X)−Nd

k∏
j=1

rdj∏
h=1

µ̃ed(dZ
∗
djh, dX

∗
j )
qdjh .

By using a simple analytical manipulation based on the density of a gamma random variable,
the likelihood can be rewritten as

L(µ̃ed;Xd,Zd) =
1

Γ(Nd)

∫
R+

uNd−1
d exp

{
−
∫
T×X

ud µ̃
e
d(dz, dx)

} k∏
j=1

rdj∏
h=1

µ̃ed(dZ
∗
djh, dX

∗
j )
qdjh dud,

where ud is an additional latent variable, thanks to which the core structure in (2.11) is successfully
recovered in the likelihood. Therefore, the result in (2.10) can be applied to marginalize the
expression with respect to the lower level of the hierarchical prior, i.e. conditionally on p̃0,
obtaining

P(Xd,Zd | p̃0) =
1

Γ(Nd)

∫
R+

uNd−1
d e−ψ(ud)

k∏
j=1

rdj∏
h=1

τ(qdjh;ud) dud ·
k∏
j=1

p̃0(dX
∗
j )
rdj

rdj∏
h=1

H(dZ∗
djh).

Note that only the random partition induced by ties in the sequence Zd, which is encoded into
groups multiplicities (qdjh)jh, is relevant in the expression above, while their specific values are
sampled independently from the measure H. Since these values are not even observed in the
model, they can be safely ignored, and ΠZd

can be written instead of Zd to indicate that results
depend on the partition induced by latent variables, rather than on their specific values.

The same analytical manipulation can be performed recursively for the random probability
measure p̃0, considering the likelihood associated to the D partially exchangeable samples. The
joint marginal distribution of the observations X and the latent variables Z can be effectively
expressed in terms of the random partitions they induce, respectively denoted by ΠX and ΠZ,
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and of the vectors of their distinct values, denoted by X∗ and Z∗, as

P(ΠX,X
∗,ΠZ,Z

∗) =

D∏
d=1

 1

Γ(Nd)

∫
R+

uNd−1
d e−ψ(ud)

k∏
j=1

rdj∏
h=1

τ(qdjh;ud) dud ·
k∏
j=1

rdj∏
h=1

H(dZ∗
djh)


× 1

Γ(r)

∫
R+

ur−1
0 e−ψ0(u0)

k∏
j=1

τ0(rj ;u0) du0 ·
k∏
j=1

P0(dX
∗
j ). (2.14)

In analogy with the comment above, the distinct values in X∗ do not enter the partition function
as well, and are sampled independently from the base probability measure P0. Therefore,
marginalizing out the contribution of the distinct values (X∗,Z∗) in (2.14), one obtains the
partially exchangeable partition probability function (pEPPF):

P(ΠX,ΠZ) =

D∏
d=1

1

Γ(Nd)

∫
R+

uNd−1
d e−ψ(ud)

k∏
j=1

rdj∏
h=1

τ(qdjh;ud) dud

× 1

Γ(r)

∫
R+

ur−1
0 e−ψ0(u0)

k∏
j=1

τ0(rj ;u0) du0. (2.15)

This expression clearly highlights the way random partitions are composed at the two levels of the
hierarchy. At the level of single samples (i.e. restaurant level), the partition function depends on
the number of customers seated at each table, that is on the partition induced by each sequence
Zd. On the other hand, at the root level (i.e. franchise level), the partition function depends on
the number of tables eating each dish, which describes how the finer partition induced by latent
variables Z is related to the coarser partition induced by observations X.

According to the interpretation discussed in the previous section, the joint marginal distri-
bution in (2.14) represents a moment measure on the joint space Tn × Xn, restricted to the
linear subspace of dimension r × k which reflects the partition structure induced by observations
and latent variables and encoded into elements (qdjh)djh. Specifically, this restricted measure is
absolutely continuous with respect to the product measure Hr × P k0 , and has constant Radon-
Nikodym derivative expressed by the pEPPF in (2.15). The structure of the pEPPF represents
the cornerstone of computational developments: indeed, full conditional distributions derived
from it can be exploited to devise marginal Gibbs sampling schemes, as extensively discussed in
Camerlenghi et al. (2019) and Argiento et al. (2020).

Random mixture hazards. Consider the array of D partially exchangeable samples

Td = (Td1, . . . , TdNd
) | p̃d

i.i.d.∼ p̃d, d = 1, . . . , D,

µ̃ = (µ̃1, . . . , µ̃D) | µ̃0
i.i.d.∼ CRM(ν̃),

µ̃0 ∼ CRM(ν0),

(2.16)
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for integers N1, . . . , ND ≥ 1 and hierarchical prior (2.4). The random probability measure p̃d is
recovered from the expression of the random hazard rate in (1.11) and is expressed in terms of
the random measures µ̃d as

p̃d(dt) =

∫
X
k(t;x) µ̃d(dx) exp

{
−
∫ t

0

∫
X
k(s;x) µ̃d(dx) ds

}
dt.

The further level of complexity represented by the kernel mixture requires the introduction of
additional latent variables, namely the ones representing the latent samples from the random
measures, i.e. the dishes in the restaurant franchise metaphor, which instead are directly observed
in the previously discussed case of normalized random measures. The augmented random
probability measure takes the more tractable form

p̃d(dt, dx) = k(t;x) µ̃d(dx) exp

{
−
∫ t

0

∫
X
k(s;x) µ̃d(dx) ds

}
dt.

Introducing the latent variables representing the tables in the restaurant franchise metaphor, the
likelihood function associated to the augmented sample (Td,Xd,Zd) is

L(µ̃ed;Td,Xd,Zd) =

Nd∏
i=1

k(Tdi;Xdi) µ̃
e
d(dZdi, dXdi) exp

{
−
∫ Tdi

0

∫
T×X

k(s;x) µ̃ed(dz, dx) ds

}
dTdi

= Q(Td,Xd) exp

{
−
∫
T×X

Kd(x) µ̃
e
d(dz, dx)

} k∏
j=1

rdj∏
h=1

µ̃ed(dZ
∗
djh, dX

∗
j )
qdjh ,

where, in order to ease the notation, the following quantities have been defined:

Q(Td,Xd) =

Nd∏
i=1

k(Tdi;Xdi) dTdi, Kd(x) =

Nd∑
i=1

∫ Tdi

0
k(s;x) ds.

Again, the structure in (2.11) is recovered in the likelihood, with the constant term ud for
normalized random measures replaced by the function Kd. Therefore, the result in (2.10) can
be applied recursively at the lower and root levels of the hierarchical prior, so that the joint
marginal distribution of both the observations T and the latent variables X and Z becomes

P(T,ΠX,X
∗,ΠZ,Z

∗) = Q(T,X) exp

{
−
∫
X
ψ0

(
D∑
d=1

ψ(Kd(X
∗
j ))

)
P0(dx)

}

×
D∏
d=1

k∏
j=1

rdj∏
h=1

τ(qdjh;Kd(X
∗
j ))H(dZ∗

djh) ·
k∏
j=1

τ0

(
rj ;

D∑
d=1

ψ(Kd(X
∗
j ))

)
P0(dX

∗
j ). (2.17)

The similarities with the joint distribution derived in (2.14) are apparent, as the composition of
random partitions at the two levels of the hierarchy follows the same structure. An important
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difference is represented by the dependence of the partition function from the specific distinct
values X∗ through the functions K1, . . . ,KD, so that their contribution cannot be marginalized
out, and a proper pEPPF cannot be defined. This dependence on the specific values is reflected
by a non-constant Radon-Nikodym derivative, when (2.17) is regarded as a moment measure.

The lack of a proper pEPPF also represents a computational drawback in this context, as the
Gibbs resampling step for the latent distinct values X∗ involves both the kernel term Q(T,X)

and the value of the partition function. On the other hand, analytical tractability greatly benefits
from the absence of the integrals with respect to u1, . . . , uD and u0 appearing in the expression
(2.15) for normalized random measures, which are merely a byproduct of analytical manipulations
and need to be treated as additional latent variables.

2.6 Posterior characterizations

Another essential result which leverages on the random partition structure is the posterior
characterization of the random measures µ̃1, . . . , µ̃D and µ̃0. Specifically, posterior distributions
of CRMs are recovered via the determination of their conditional Laplace functional transforms:
in these expressions, the distributions of jumps at fixed locations and the Lévy intensities of
CRMs without fixed jump points can be identified. A structural conjugacy property is shown to
hold, that is, a posteriori, the vector of random measures µ̃ retains its hierarchical form, with
random measures at the lower level of the hierarchy being conditionally independent given the
random measure at the root.

In the following, posterior updates of hierarchical CRMs priors are explicitly described for
the partially exchangeable models based on both normalized random measures and random
mixture hazards. For convenience of presentation, the intensities of the jump components ρ
and ρ0 at both levels of the hierarchy are assumed to be absolutely continuous with respect to
the Lebesgue measure on R+, and suitably written as ρ(ds) = ρ(s) ds and ρ0(ds) = ρ0(s) ds,
respectively. Moreover, the results in this section consider the original definitions of random
measures at the lower level of the hierarchies, as introduced in (2.3) and (2.4): the adaptation to
their extended versions is straightforward.

Normalized random measures. Consider the partially exchangeable model described in
(2.13). The posterior distributions of the non-normalized random measures µ̃1, . . . , µ̃D and µ̃0
are characterized conditionally on the observations X, the latent variables Z, and the additional
latent variables U1, . . . , UD and U0. As already mentioned, such latent variables are a byproduct
of analytical manipulations in the likelihood, and are needed to recover a (conditional) structural
conjugacy. Let U1, . . . , UD and U0 be conditionally independent positive random variables with
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density functions

fd(u | ΠXd
,ΠZd

) ∝ uNd−1 e−ψ(u)
k∏
j=1

rdj∏
h=1

τ(qdjh;u), d = 1, . . . , D,

f0(u | ΠX,ΠZ) ∝ ur−1 e−ψ0(u)
k∏
j=1

τ0(rj ;u),

where we recall that ΠX and ΠZ denote the random partitions induced by ties in the sequences
X and Z, respectively, which are encoded into groups multiplicities rj ’s (coarser partition) and
qdjh’s (finer partition). At the lower level of the hierarchy, the posterior distribution of each
random measure µ̃d, given the observations Xd, the latent variables Zd and Ud, and the root
random measure µ̃0 is

µ̃d(dx) | ΠXd
,X∗

d,ΠZd
, Ud, µ̃0 ∼ µ̃∗d(dx) +

k∑
j=1

rdj∑
h=1

Jdjh δX∗
j
(dx),

where the random elements in the sum are mutually independent, µ̃∗d ∼ CRM(ν̃∗norm,d) with
homogeneous Lévy intensity measure

ν̃∗norm,d(ds, dx) = e−Ud s ν̃norm(ds, dx) = e−Ud s ρ(ds) p̃0(dx),

and each Jdjh is a non-negative random variable with density function

fdjh(s) ∝ sqdjh e−Ud s ρ(s), j = 1, . . . , k, h = 1, . . . , rdj .

Therefore, a posteriori and conditionally on µ̃0, each random measure µ̃d is still a CRM, resulting
from the sum of random jumps at fixed points of discontinuity and a CRM without fixed points
of discontinuity. The latter is characterized by the Lévy intensity measure of the prior with an
exponential updating term, while the fixed points of discontinuity correspond to the distinct
values of the observations. Moreover, the random measures µ̃1, . . . , µ̃d preserve their conditional
independence, given µ̃0.

Similarly, the posterior distribution of the random measure µ̃0 at the root of the hierarchy,
given the observations X, the latent variables Z and U0, is

µ̃0(dx) | ΠX,X
∗,ΠZ, U0 ∼ µ̃∗0(dx) +

k∑
j=1

Ij δX∗
j
(dx),

where the random elements in the sum are mutually independent, µ̃∗0 ∼ CRM(ν∗0) with homoge-
neous Lévy intensity measure

ν∗0(ds, dx) = e−U0 s ν0(ds, dx) = e−U0 s ρ0(ds)P0(dx),
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and each Ij is a non-negative random variable with density function

fj(s) ∝ srj e−U0 s ρ0(s), j = 1, . . . , k.

Again, the random measure µ̃0 is still a CRM a posteriori, given by the sum of random jumps at
fixed points of discontinuity, corresponding to the distinct observed values, and an exponentially
updated CRM without fixed points of discontinuity.

An interesting feature of this result is that the prior-posterior updating mechanism preserves
the homogeneity of the random measures. Indeed, the density functions of additional latent
variables U1, . . . , UD and U0, the exponential update of the Lévy intensity and the distributions
of random jumps at the fixed points of discontinuity depend only on the partition structure
induced by the observations and the latent variables, encoded into ΠX and ΠZ, while observed
distinct values X∗ only determine the fixed locations of discontinuity points. This property clearly
parallels the factorization property of the marginal distribution into pEPPF and independent
sampling of distinct values, and represents a fundamental computational advantage when direct
sampling from the posterior distribution of hierarchical CRMs is involved.

Random mixture hazards. Consider the partially exchangeable model described in (2.16).
In this case, the posterior distributions of random measures µ̃1, . . . , µ̃D and µ̃0 are characterized
conditionally on the observations T and the latent variables X and Z, featuring a proper
structural conjugacy. Specifically, the posterior distribution of each random measure µ̃d, given
the observations Td, the latent variables Xd and Zd, and the root measure µ̃0 is

µ̃d(dx) | Td,ΠXd
,X∗

d,ΠZd
, µ̃0 ∼ µ̃∗d(dx) +

k∑
j=1

rdj∑
h=1

Jdjh δX∗
j
(dx),

where the random elements in the sum are mutually independent, µ̃∗d ∼ CRM(ν̃∗d) with non-
homogeneous Lévy intensity measure

ν̃∗d(ds, dx) = e−Kd(x) s ρ(ds) µ̃0(dx),

and each Jdjh is a non-negative random variable with density function

fdjh(s) ∝ sqdjh e−Kd(X
∗
j ) s ρ(s), j = 1, . . . , k, h = 1, . . . , rdj .

Similarly, the posterior distribution of the random measure µ̃0 at the root of the hierarchy, given
the observations T and the latent variables X and Z, is

µ̃0(dx) | T,ΠX,X
∗,ΠZ ∼ µ̃∗0(dx) +

k∑
j=1

Ij δX∗
j
(dx),
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where the random elements in the sum are mutually independent, µ̃∗0 ∼ CRM(ν∗0) with non-
homogeneous Lévy intensity measure

ν∗0(ds, dx) = exp

{
−

D∑
d=1

ψ(Kd(x)) s

}
ρ0(ds)P0(dx),

and each Ij is a non-negative random variable with density function

fj(s) ∝ srj exp

{
−

D∑
d=1

ψ(Kd(X
∗
j )) s

}
ρ0(s), j = 1, . . . , k.

As already highlighted for marginal distributions, the structural analogies with the posterior
characterization for normalized random measures are apparent, and similar considerations
apply. In particular, here the role of the random variables U1, . . . , UD is played by the non-
random functions K1, . . . ,KD, which summarize the contribution of the observations T to the
posterior update. However, the analytical and computational advantage represented by the
absence of additional latent variables is partially overturned by the non-homogeneity of the Lévy
intensity measures characterizing, a posteriori, the continuous part of the hierarchical CRMs.
The challenges represented by non-homogeneous CRMs in conditional sampling algorithms are
discussed in Camerlenghi et al. (2021), where a novel general-purpose approach is proposed, and
further developed in Section 3.6.

2.7 Generalized gamma CRMs as natural conjugate priors

The practical implementation of Bayesian procedures involving hierarchical CRMs priors requires
the specification of their Lévy intensity measures. In particular, a fundamental role is played
by measures ρ and ρ0, which characterize the jump component and deeply affect the induced
partition structure. Indeed, such measures directly impact the distributions of random jumps
at fixed points of discontinuity in the posterior characterizations of hierarchical CRMs, and
also enter the definition of key quantities in (2.7), which constitute the core structure of the
marginal distributions (2.14) and (2.17): the availability of closed-form and tractable expressions
represents a computational advantage for both marginal and conditional algorithms. On the
contrary, the specification of P0 has a far lower impact from both analytical and computational
points of view.

A natural choice of ρ and ρ0 for hierarchical constructions is represented by the hierarchical
generalized gamma CRM (1.7), corresponding to the specifications

ρ(ds) =
1

Γ(1− σ)
s−σ−1 e−βs ds, ρ0(ds) =

1

Γ(1− σ0)
s−σ0−1 e−β0s ds, (2.18)
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with parameters β, β0 ∈ R+ and σ, σ0 ∈ [0, 1); notable special cases are obtained setting
σ = σ0 = 0, which corresponds to the gamma hierarchical CRM, and β = β0 = 0, characterizing
the σ–stable hierarchical CRM. The generalized gamma hierarchical CRM allows for the explicit
computation of the integrals defining the Laplace exponent and its cumulants in (2.7), namely,

ψ(u) =

∫
R+

(1− e−us) ρ(ds) = (β + u)σ − βσ

σ

σ=0
= log

(
1 +

u

β

)
,

τ(m;u) =

∫
R+

sm e−us ρ(ds) =
Γ(m− σ)
Γ(1− σ)

(β + u)−m+σ .

These quantities can be directly substituted into the expressions of the marginal distributions,
from which full conditional distributions and predictive urn schemes are easily derived.

Moreover, the generalized gamma choice acts as the (conditionally) conjugate prior with
respect to the posterior characterization of hierarchical CRMs for the partially exchangeable
models discussed in this work. For example, considering the model in (2.13) based on normalized
random measures, the posterior distribution of each random measure µ̃d at the lower level of the
hierarchy consists of the sum of random jumps at fixed points of discontinuity having gamma
distribution, namely,

Jdjh ∼ Gamma(qdjh − σ, β + Ud),

and a CRM without fixed points of discontinuity, which still has the Lévy intensity measure of
a generalized gamma CRM, with the exponential term characterized by the parameter update
β 7→ β +Ud. The same structure is observed for the root measure µ̃0, and for the model in (2.16)
based on random mixture hazards, with the usual roles swap of the latent variables U1, . . . , UD

and the functions K1, . . . ,KD, which convert the real parameters β and β0 into functional
parameters and make the Lévy intensity non-homogeneous (see Chapter 3).

2.8 Remarks on the dependence structure of hierarchical CRMs

The previous section have described two different hierarchical models, namely (2.3) and (2.4),
that provide an intuitive and effective way to introduce prior dependence among the components
of a vector of random measures. The amount of such dependence regulates the borrowing
of information across groups, that is, how much inference and prediction for each group are
influenced by the observations in other groups. In an ideal setting where infinite observations
for each group are available, leveraging on the information contained in the other groups of
observations would be useless, if not potentially harmful; however, in real situations, when only
few observations per group are available, or datasets are strongly unbalanced, the borrowing of
information from other groups can lead to crucial improvements in the estimates and meaningful
reduction of their uncertainty.

Considering a vector µ̃ = (µ̃1, . . . , µ̃D) of random measures, its dependence structure admits
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two extremes situations: in case the random measures are equal almost surely, i.e., µ̃1 = · · · = µ̃D

a.s., there is maximal dependence and, since observations are treated as belonging to the same
group, full borrowing of information; on the other hand, in case the random measures are
mutually independent, there is no borrowing of information, since the inference for each group is
not affected by the observations in other groups. Such extremes highlight the role of the prior
dependence introduced in the model (i.e. the prior elicitation), as it has major consequences on
the learning mechanism. In this respect, it is sufficient to remark that, when perfect dependence
is assumed a priori, the posterior estimates for each group are exactly coincident, disregarding
possible differences across the groups; on the contrary, if independence of random measures is
assumed a priori, the posterior estimates for each group do not take into account the observations
in other groups, with potential loss of information. Therefore, the quantification of such amount
of induced prior dependence represent a fundamental task.

The simpler and arguably most natural summary of the dependence structure between random
measures µ̃i and µ̃j is represented by their pairwise covariance structure, namely the quantity
Cov(µ̃i(A), µ̃j(A)), for any set A ∈ X , and by its normalized version, the pairwise correlation,
namely Cor(µ̃i(A), µ̃j(A)); more elaborated proposals going beyond this pairwise comparisons
and based on the Wasserstein distance on the joint distribution of the vector of random measures
are discussed Catalano et al. (2021, 2024). Note that, in case the pairwise correlation is 1 for any
set A ∈ X , it is sufficient to consider random measures having the same marginal distribution
in order to prove that the random variables µ̃1(A), . . . , µ̃D(A) are equal almost-surely; on the
other hand, even if a pairwise correlation equal to 0 does not imply, in general, that the random
variables µ̃1(A), . . . , µ̃D(A) are mutually independent, this statement actually holds for many
specific models. Both these fundamental properties hold for the hierarchical structures considered
in this chapter, namely,

µ̃(1) =
(
µ̃
(1)
1 , . . . , µ̃

(1)
D

)
| µ̃0

i.i.d.∼ CRM
(
ν̃norm

)
, (2.19)

µ̃(2) =
(
µ̃
(2)
1 , . . . , µ̃

(2)
D

)
| µ̃0

i.i.d.∼ CRM
(
ν̃
)
, (2.20)

where the conditionally independent CRMs have random Lévy intensity measures, respectively,

ν̃norm(ds, dx) = ρ(ds)
µ̃0(dx)

µ̃0(X)
= ρ(ds) p̃0(dx), ν̃(ds, dx) = ρ(ds) µ̃0(dx),

and µ̃0 is itself a CRM with Lévy intensity measure ν0(ds, dx) = ρ0(ds)P0(dx). The previous
sections have considered a normalization for the random measures in (2.19), and a hazard mixture
transformation for the random measures in (2.20). This section rather focuses on the comparison
between their dependence structures at the level of the random measures, irrespective of the
particular choice of transformation: indeed, even though focusing on the transformed random
measures would be of interest as well, a direct comparison between (2.19) and (2.20) can help in
disentangling the effects of the hierarchical constructions from the effects of the transformations.
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µ̃(1) as in (2.19) µ̃(2) as in (2.20)

mean: E
[
µ̃i(A)

]
θP0(A) θ θ0 P0(A)

variance: Var
(
µ̃i(A)

) θ2 P0(A)(1− P0(A))

1 + θ0
+ θ P0(A) θ (θ + 1) θ0 P0(A)

covariance: Cov
(
µ̃i(A), µ̃j(A)

) θ2 P0(A)(1− P0(A))

1 + θ0
θ2 θ0 P0(A)

correlation: Cor
(
µ̃i(A), µ̃j(A)

) θ (1− P0(A))

θ (1− P0(A)) + 1 + θ0

θ

1 + θ

Table 2.1: Expressions for the mean, variance, covariance and correlation, as defined in (2.21),
for the hierarchical structures of random measures in (2.19) and (2.20), in case of the hierarchical
gamma specification in (2.22).

A decisive advantage of the pairwise covariance (and correlation) is represented by its plain
evaluation for hierarchical models. In particular, considering the vector of random measures
µ̃(1) =

(
µ̃
(1)
1 , . . . , µ̃

(1)
D

)
defined in (2.19), for any fixed set A ∈ X and i ̸= j,

E
[
µ̃
(1)
i (A)

]
= τ(1; 0)E[p̃0(A)],

Var
(
µ̃
(1)
i (A)

)
= τ(1; 0)2 Var(p̃0(A)) + τ(2; 0)E[p̃0(A)],

Cov
(
µ̃
(1)
i (A), µ̃

(1)
j (A)

)
= τ(1; 0)2 Var(p̃0(A)),

(2.21)

where the cumulants τ ’s are defined as in (2.7); the corresponding expressions for the vector
µ̃(2) =

(
µ̃
(2)
1 , . . . , µ̃

(2)
D

)
in (2.20) are obtained by replacing the normalized random measure p̃0(A)

with its non-normalized counterpart µ̃0(A). Note that, at the root level of the hierarchy, the mean
and the variance of both µ̃0 and its normalization p̃0 can be expressed in terms of their Lévy
intensity measure ν0 (James et al., 2006). For illustration purposes, consider the hierarchical
gamma process, where random measures at both levels of the hierarchies are gamma CRM,
corresponding to

ρ(ds) = θ s−1 e−s ds, ρ0(ds) = θ0 s
−1 e−s ds; (2.22)

with such specifications, the quantities appearing in (2.21) for both hierarchical structures in
(2.19) and (2.20) can be computed explicitly, and are collected in Table 2.1. Specifically, the
cumulants are specified by τ(m; 0) = θ Γ(m), while, at the root of the hierarchy,

E[µ̃0(A)] = Var(µ̃0(A)) = θ0 P0(A),

E[p̃0(A)] = P0(A), Var(p̃0(A)) =
P0(A)(1− P0(A))

1 + θ0
.

(2.23)

In order to correctly interpret the information contained in (2.21) and specified in Table 2.1,
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consider two different flexibility properties that are desirable for the dependence structure of a
model that induces positive association between the random measures. The first kind of flexibility
ensures that, for every value γ ∈ [0, 1], there exists a specification of the model parameters such
that the random measures have correlation equal to (or converging to) γ. This property holds
for hierarchical models in general, and can be easily checked for the hierarchical gamma process
considered in (2.22): in both cases, the values of θ and possibly θ0 can be chosen so that the
correlations are equal to (or converge to) every fixed value γ ∈ [0, 1]. The second, and stronger,
kind of flexibility requires that, for every marginal distribution of the random measures and
for every value γ ∈ [0, 1], there exists a specification of the model parameters such that the
random measures have correlation equal to (or converging to) γ. This kind of flexibility ensures
that the marginal distribution of the random measures can be modeled separately from their
dependence structure, a feature which is often desirable in practice, as they encode different
aspects of the model. For simplicity, it is usually sufficient to restrict to a weaker version of this
second flexibility property, whereby only the first and second moments of the random measures
are fixed, instead of their whole marginal distributions.

Interestingly, most hierarchical models proposed in the literature do not achieve this second
type of flexibility. For example, consider the vector of random measures µ̃(2) defined in (2.20),
with the hierarchical gamma specification described in (2.22). As revealed by the expression of the
correlation, in order to recover perfectly correlated random measures, and thus perfect dependence,
one needs θ → +∞; however, in such case, the mean of the marginal distributions diverges.
This observation suggests that a good practice for hierarchical gamma random measures, in case
the random measure at the root of the hierarchy is not normalized, is to fix θ0 = 1/θ, so that
E
(
µ̃
(2)
i (A)

)
= P0(A) and thus the dependence structure does not affect the mean of the random

measure. Nevertheless, with such choice of parameters, one obtains Var
(
µ̃
(2)
i (A)

)
= (θ+1)P0(A),

which in turn implies that the only situation in which perfectly correlated random measures
are recovered entails a (marginally) infinite variance: in conclusion, the flexibility of second
kind cannot be achieved for the hierarchical structure in (2.20), when the hierarchical gamma
specification in (2.22) is considered. On the other hand, such issues do not arise for the vector
of random measures µ̃(1) defined in (2.19), as clarified by comparing the expressions for the
variances and covariances in Table 2.1 and (2.23): indeed, if µ̃0 is a gamma random measure, its
mean and variance coincide, whereas the variance of the normalized random measure p̃0 can be
adjusted separately from its mean, leveraging on the parameter θ0. This observation suggests to
consider other specifications for the random measures µ̃0, for which a further hyper-parameter
can be exploited to flexibly account for different values of the variance.

In conclusion, when resorting to hierarchical constructions for modeling the dependence
between random measures, the elicitation of the dependence structure requires particular attention,
as adjusting for such dependence may also affect the marginal distributions. For the same reason,
the covariance does not represent a reliable measure of dependence: given that changing the
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Figure 2.1: Samples from the bivariate vector of random variables µ̃(2)(A) =
(
µ̃
(2)
1 (A), µ̃

(2)
2 (A)

)
,

for parameters β = 1 (left) and β = 9 (right), where A ∈ X is such that P0(A) = 0.5; the value of
the covariance is the same for every β > 0 and equals P0(A) = 0.5, while the correlation equals
0.5 for β = 1 (left) and 0.9 for β = 9 (right).

covariance also affects the variance, the normalization required to compute the correlation is
not only a way to obtain values in [0, 1], but additionally provides important information about
the dependence structure. In order to effectively support this argument, consider the bivariate
vector of hierarchical random measures µ̃(2) =

(
µ̃
(2)
1 , µ̃

(2)
2

)
defined in (2.20), and impose gamma

specifications for the Lévy intensity measures,

ρ(ds) = β s−1 e−βs ds, ρ0(ds) = s−1 e−s ds,

with parameter β > 0: it easily follows from the expressions in (2.21) that, for each A ∈ X , the
covariance remains unchanged and equal to P0(A), for every value of β. On the other hand,
the dependence structure of the vector of random measures appears substantially different for
different values of β, as clearly shown in Figure 2.1 for the cases β = 1 and β = 9; this difference
is correctly detected by the correlation, which coincides with β/(1 + β) and thus equals 0.5 in
the first case and 0.9 in the second case.
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Chapter 3

Hierarchically dependent mixture
hazards for modelling competing risks

A popular approach in Bayesian modelling of non-exchangeable data relies on the
specification of hierarchical nonparametric priors, which induce dependence across
groups of observations. In the analysis of grouped survival data, subject to a single
disease or failure, hierarchies of completely random measures have been used as
mixing measures to model multivariate dependent mixture hazard rates (Chapter 2).
This chapter shows that such modelling approach can be recast to tackle a competing
risks scenario, in which groups correspond to different diseases or causes of failures
affecting each subject: in this setting, the multivariate construction acts at a latent
level, as only the minimum time-to-event and the corresponding cause of death or
failure are actually observed. The posterior hierarchy of random measures, as well as
the posterior estimates of both survival function and cause-specific incidence functions
are explicitly determined, conditionally on a suitable latent partition that admits a
characterization in terms of a novel variant of the Chinese restaurant franchise process.
Moreover, the derivation of prediction curves, namely the predictive probabilities for
a future event to be due to each possible cause, as a function of the time at which
the event occurs, represents a major contribution of this chapter. These results are
pivotal for devising marginal and conditional sampling algorithms, which are tested
on a synthetic dataset in order to assess their effectiveness. The performances of
this proposal are also compared with those of its non-hierarchical counterpart, which
models hazard rates independently for each disease. Finally, some applications to
clinical datasets are discussed.
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3.1 Competing risks in survival analysis

In the framework of survival analysis, several different types of events may be of interest to the
researchers; for example, in clinical studies, a fatal outcome after treatment may be due to a
number of different causes, which may be related or unrelated to the treatment. In situations
where the occurrence of an event of interest, and thus the observation of the associated survival
time, may be possibly precluded by the occurrence of one of the other events, the distinct
event types are referred to as competing events or competing risks (Kalbfleisch and Prentice,
2002; Geskus, 2024). The primary domain of application for the competing risks framework
are biomedical and clinical studies, in which subjects may die by different causes or diagnoses;
another common setting concerns industrial life-testing, where the breakdown of a complex
system may be due to the failure of one of its components.

In this chapter, the observed survival time is denoted by T ∈ R+ and assumed to be a
random variable with absolutely continuous distribution (w.r.t. the Lebsegue measure), while
∆ ∈ { 1, . . . , D } is the categorical random variable identifying the observed event type. For each
event type d, the cause-specific hazard rate is defined as

hd(t) := lim
s→0

1

s
P(t ≤ T < t+ s, ∆ = d | T > t), t ≥ 0,

and represents the instantaneous rate of occurrence of an event of type d, given survival up
to that time point from all possible types of events (i.e., individuals experiencing a competing
event are no longer at risk). The cause-specific hazard rates act as the main building blocks for
several important quantities. For instance, the overall survival function depends on the sum of
cumulative cause-specific hazard rates:

S(t) := P(T > t) = exp

{
−

D∑
d=1

∫ t

0
hd(s) ds

}
, t ≥ 0.

Similarly, the cause-specific incidence functions, or subdensities, representing the infinitesimal
probability of occurrence of each event type, are defined in terms of the cause-specific hazard
rates as

fd(t) := lim
s→0

1

s
P(t ≤ T < t+ s, ∆ = d) = hd(t) exp

{
−

D∑
ℓ=1

∫ t

0
hℓ(s) ds

}
, t ≥ 0;

the marginal probability of occurrence of each event type d, that is, the proportion πd of subjects
eventually experiencing an event of type d, is the limit of the corresponding cumulative incidence
function, or subdistribution,

πd = P(∆ = d) = lim
t→∞

∫ t

0
fd(s) ds.
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The approach to the modeling of competing risks data introduced above, based on the specification
of cause-specific hazard rates, is known as multi-state approach: indeed, these hazard rates can
be regarded as transition rates in multi-state models (Andersen et al., 2002; Putter et al., 2007).
Specifically, consider a Markov process having one transient state, termed alive and labeled as 0,
and D absorbing states, termed death from cause d, for d = 1, . . . , D; within this setting, the
cause-specific hazard rate hd is the transition intensity from state 0 to state d. An alternative
strategy relies on the specification of the subdistribution hazard rates; however, contrary to
the hazard rate in standard survival analysis, they are not rates in the classical sense, since
individuals experiencing competing events remain in the risks set, and their correct interpretation
is not straightforward (Andersen and Keiding, 2012). Another common approach to competing
risks data (Crowder, 2012) hypothesizes the existence of latent, or potential, survival times, one
for each different event type, which are assumed to be almost-surely distinct; the observable
random variables (T,∆) are therefore the minimum of such survival times and the corresponding
event type. This approach may appear rather intuitive, but has been extensively criticized for
lack of plausibility and interpretability in biomedical applications, as one assumes the eventual
occurrence of each type of event in each individual (Geskus, 2024). Moreover, from a mathematical
perspective, the joint distribution of these latent survival times is not fully identifiable: more
precisely, their marginal distributions cannot be identified, unless further assumptions on their
dependence structure are imposed (Kalbfleisch and Prentice, 2002). In other words, even though
a dependent parametric model is considered for the multivariate distribution of potential survival
times, and model parameters are estimable, it is impossible to discern this model from a model
with independent risks on the basis of observations (Cox, 1959; Tsiatis, 1975; Crowder, 1991).
For this reason, a number of authors suggest focusing on the estimation of observable quantities
only, and independence of the competing events is often assumed for mathematical convenience
and interpretability. Nevertheless, this approach is particularly suited to the construction of
simulated datasets (Beyersmann et al., 2009) (see Section 3.7).

The statistical analysis of competing risks data typically focuses on: (i) the estimation the
cause-specific cumulative incidence functions, which allow to estimate the probabilities that
each considered competing event occurs within some time interval; (ii) the investigation of
the association of these quantities with different treatments or predictors of interest (Fine and
Gray, 1999); (iii) the estimation of the overall survival function, or, equivalently, of the overall
cumulative incidence function. Such statistical problems have received lengthily and widespread
attention within the frequentist literature, as shown by the vast number of comprehensive reviews
and textbooks; among them, Kalbfleisch and Prentice (2002), Lawless (2003), Crowder (2012)
and Geskus (2015). On the other hand, Bayesian contributions on competing risks are less
organically structured. In particular, Bayesian nonparametric models proposed in the literature
are often based on gamma or beta process priors, following their successful adoption for modelling
univariate survival data (Doksum, 1974; Dykstra and Laud, 1981; Lo and Weng, 1989; Hjort,
1990). Recently, Arfé et al. (2019) introduced a generalization of the beta-Stacy process (Walker
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and Muliere, 1997) as prior distribution for cumulative incidence functions, whereas Lau and
Cripps (2022) defined a mixture model for cause-specific hazard rates based on thinned completely
random measures; the former contribution considers survival times on a discrete time scale, in
contrast to the continuous survival times assumed in the latter. On the other hand, Xu et al.
(2020) propose a model for estimating treatment effects with semi-competing risks which is based
on the dependent Dirichlet process. An alternative nonparametric and flexible proposal, relying
on Bayesian Additive Regression Trees is presented in Sparapani et al. (2020).

The standard frequentist inferential procedure based on the renowned Kaplan-Meier method,
which allows for simple nonparametric estimation of the survival function in presence of right-
censored observations, can be readily adapted to competing risks data (Kalbfleisch and Prentice,
2002). Specifically, the Nelson-Aalen estimator and the related Aalen-Johansen estimator are
considered for exploratory analyses of cumulative cause-specific hazard rates and incidence
functions, respectively (Allignol et al., 2011); however, the estimation of the standard error for
the Aalen-Johansen estimator, and the consequent construction of confidence intervals, is not
straightforward, and several estimators have been proposed (Geskus, 2024).

This chapter proposes a Bayesian nonparametric model for competing risks data with
continuous survival times. The different competing events are characterized by conditionally
independent and absolutely continuous distributions; in particular, their cause-specific hazard
rates are specified as kernel mixtures with respect to almost-surely discrete random measures. An
overview on this construction and its widespread adoption in Bayesian nonparametric literature
is proposed in Section 1.2 and further discussed in Section 3.2. A hierarchical structure of
completely random measures, recently introduced by Camerlenghi et al. (2021) and extensively
discussed in Chapter 2, is considered as prior distribution on the mixing random measures. This
prior choice allows for substantial flexibility in modelling the different hazard rates, without
further restrictive assumptions on their relationships; moreover, it induces dependence among
them through conditional independence, given a common random measure, and thus promotes
borrowing of information whenever hazard rates share common features. Section 3.3 introduces
additional sequences of latent variables, accounting for a nested partition structure similar to the
one discussed in Section 2.3, which play a fundamental role in the characterization of the posterior
distribution of the hierarchical random measures, as well as in the derivation of conditional
posterior estimates of both the overall survival function and cause-specific incidence functions
(Section 3.5). A major breakthrough in terms of prediction is achieved in Section 3.4 thanks to
such principled and comprehensive framework, namely the introduction of a novel functional of
interest, termed prediction curve, which corresponds to the conditional probability, given the
past observations, that a future event is a certain type, as a function of the time at which such
event occurs. Besides their foundational and methodological interest, prediction curves may
potentially be useful in practice for decision making, given their straightforward interpretability.
A marginal Gibbs sampling scheme for sequentially updating the latent partition structure
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is devised in Section 3.6: unconditioned posterior estimates of quantities of interest are then
computed by empirical marginalization of the conditional estimates obtained at each step of
the MCMC algorithm. A procedure for sampling directly from the posterior distribution of
hierarchical random measures is also presented as an alternative approach for computing posterior
estimates and quantifying the uncertainty around them. Both methods are tested on a synthetic
dataset in order to assess their effectiveness; moreover, the performances of the proposed model
are compared with those of the corresponding Bayesian nonparametric model which considers
independent hazard rates, by means of a simulation study (Section 3.7). Finally, an application
to two clinical dataset are presented for illustrative purposes (Section 3.8).

3.2 Modelling mixture hazard rates via random measures

In a Bayesian nonparametric framework, random measures represent the building block to define
prior laws over functions characterizing the multivariate distribution of cause-specific survival
times. Specifically, when this distribution is assumed to be absolutely continuous, the cause-
specific (random) hazard functions can be effectively modeled as mixtures of a deterministic
smoothing kernel k(·; ·) over random measures µ̃1, . . . , µ̃D as

h̃d(t) =

∫
X
k(t;x) µ̃d(dx), d = 1, . . . , D. (3.1)

Such mixture structure was introduced, for modelling single-cause (exchangeable) survival data,
in the seminal papers by Dykstra and Laud (1981) and Lo and Weng (1989) and is thoroughly
discussed in Section 1.2. In the context of multi-sample (partially exchangeable) data, the random
hazard specification in (3.1) is assumed in Lijoi et al. (2014) and Camerlenghi et al. (2021), in
which dependence across different samples is introduced at the level of random measures; see
Section 2.2 for further details. This chapter considers the hierarchical CRMs prior proposed in
Camerlenghi et al. (2021) and detailed in (2.4).

The overall survival function is expressed in terms of the cause-specific hazard rates, and
thus of the random measures, as

S̃(t) = exp

{
−

D∑
d=1

∫ t

0

∫
X
k(s;x) µ̃d(dx) ds

}
; (3.2)

as discussed in Camerlenghi et al. (2021), and pointed out in Section 1.2 for exchangeable survival
data, such survival function is guaranteed to be proper, that is limt→∞ S̃(t) = 0 almost surely,
whenever the hierarchical CRMs µ̃1, . . . , µ̃D are infinitely active and∫

R+

k(s;x) ds =∞, P0 − a.s. (3.3)
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The random mixture hazard rates (3.1) and the related random survival function (3.2) conve-
niently define nonparametric priors within a Bayesian statistical model for competing risks data.
Specifically, as discussed in Section 3.1, consider a sequence of exchangeable observations, each
consisting of a pair of values

(Ti, ∆i), i = 1, . . . , n,

where Ti ∈ R+ is the survival time of the observed (and thus firstly occurred) competing event,
and ∆i ∈ { 1, . . . , D } represents the corresponding event type. This work discusses the Bayesian
nonparametric model

(T1,∆1), . . . , (Tn,∆n) | µ̃
i.i.d.∼ p̃,

µ̃ = (µ̃1, . . . , µ̃D) ∼ Q,
(3.4)

where Q is the prior distribution over the vector of random measures, and the directing random
measure p̃ is defined from such random measures as

p̃(dt, δ) =

∫
X
k(t;x) µ̃δ(dx) exp

{
−

D∑
d=1

∫ t

0

∫
X
k(s;x) µ̃d(dx) ds

}
dt. (3.5)

Note that the random measure p̃ is a probability measure on the product space R+×{ 1, . . . , D },
and its first component is absolutely continuous with respect to the Lebesgue measure, almost-
surely under Q. As anticipated above, the prior distribution Q considered in this chapter is the
hierarchical structure of CRMs proposed by Camerlenghi et al. (2019) and introduced in (2.4),
namely

µ̃ = (µ̃1, . . . , µ̃D) | µ̃0
i.i.d.∼ CRM(ν̃),

µ̃0 ∼ CRM(ν0),

where µ̃1, . . . , µ̃D are conditionally independent CRMs with random and homogeneous Lévy
intensity measure ν̃(ds, dx) = ρ(ds) µ̃0(dx), and µ̃0 is the CRM at the root of the hierarchy, with
homogeneous Lévy intensity measure ν0(ds, dx) = ρ0(ds) θP0(dx); in these expressions, θ is a
positive parameter and P0 is a diffuse probability measure on X. As a consequence of the random
measures µ̃1, . . . , µ̃D being identically distributed, the prior induced on the probabilities (πd)d for
a subject to eventually experience each competing event is uniform, that is, πd = P(∆ = d) = 1/D

for each d = 1, . . . , D; different models in which random measures µ̃1, . . . , µ̃D are conditionally
independent but not identically distributed may be considered, so that the induced prior on
(πd)d is more informative.

The rest of the chapter is devoted to the posterior characterization of the hierarchically
dependent random measures µ̃1, . . . , µ̃D, with the aim of evaluating Bayesian estimates of the
overall survival function, cause-specific incidence functions, and prediction curves, as well as
quantifying the uncertainty around those estimates.
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3.3 Latent partition structure

Hierarchical nonparametric constructions are known to induce a random nested partition structure
on the observations, which is possibly latent when random measures are smoothed via kernel
mixtures; a thorough description of such latent partition structure is proposed in Section 2.3.
In this section, the introduction of additional sequences of latent variables, accounting for the
two-level partition structure, follows the approach proposed in Chapter 2. These latent variables
play a crucial role in characterizing the posterior distribution of the hierarchical random measures,
as discussed in Section 3.5.

Consider a sequence of exchangeable competing risks observations from the model in (3.4) and
let T = (T1, . . . , Tn) and ∆ = (∆1, . . . ,∆n); for simplicity, it is here assumed that observed sur-
vival times are not censored, even though the accommodation of censored data is straightforward
(see, e.g., James (2005); Lijoi and Nipoti (2014), and Section 3.8). The associated multiplicative
intensity likelihood function (Kalbfleisch and Prentice, 2002) is

L(µ̃1, . . . , µ̃D;T ,∆) =
n∏
i=1

∫
X
k(Ti;x) µ̃∆i(dx) exp

{
−

D∑
d=1

∫ Ti

0

∫
X
k(s;x) µ̃d(dx) ds

}
, (3.6)

which corresponds to the product of the directing random measure (3.5) evaluated at the
observations. The same expression can be restated in terms of the extended random measures
µ̃e1, . . . , µ̃

e
D introduced in Section 2.3 as

L(µ̃e1, . . . , µ̃eD;T ,∆)

=

n∏
i=1

∫
[0,1]×X

k(Ti;x) µ̃
e
∆i
(dz, dx) exp

{
−

D∑
d=1

∫ Ti

0

∫
[0,1]×X

k(s;x) µ̃ed(dz, dx) ds

}
.

A common approach when dealing with mixture models suggests to remove the integration by
introducing suitable sequences of latent variables, which essentially correspond to the latent
locations sampled from the mixing random measures, leading to considerable simplifications in
the following computations (James, 2005; Lijoi and Nipoti, 2014; Camerlenghi et al., 2021). Let
X = (X1, . . . , Xn) and Z = (Z1, . . . , Zn) be sequences of latent variables, where each Xi ∈ X
and each Zi ∈ [0, 1]; the resulting augmented likelihood is

L(µ̃e1, . . . , µ̃eD;T ,∆,X,Z)

=
n∏
i=1

k(Ti;Xi) µ̃
e
∆i
(dZi, dXi) exp

{
−

D∑
d=1

∫ Ti

0

∫
[0,1]×X

k(s;x) µ̃ed(dz, dx) ds

}
.

The almost-sure discreteness of random measures µ̃e1, . . . , µ̃eD naturally induces the random nested
partition structure mentioned above, which is encoded into the latent sequences X and Z through
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tied values within each sequence. Specifically, the coarser level of the partition is induced by
elements in X, which assume k distinct values, X∗

1 , . . . , X
∗
k , with multiplicities n1 + · · ·+nk = n,

respectively. Resorting to the characterization in (2.6), these distinct values can be regarded as
the latent locations from the random measure µ̃0 at the root of the hierarchy; since locations are
shared among the random measures at the lower level of the hierarchy, the same location can be
associated to observations from different random measures, that is, Xi = Xℓ does not necessarily
imply ∆i = ∆ℓ. In other words, there is no structural relationship between the random latent
partition induced by tied values in X and the observed partition encoded into ∆.

On the contrary, this relationship is accounted for at the finer level of the partition, induced
by elements in Z. More precisely, for each random measure d and each latent group j, consider
the ndj observations for which ∆i = d and Xi = X∗

j ; the corresponding elements in Z assume rdj
distinct values, Z∗

dj1, . . . , Z
∗
djrdj

, with multiplicities qdj1 + · · ·+ qdjrdj = ndj , respectively. With
reference to (2.6), these distinct values can be regarded as the latent marks from the random
measure µ̃ed matched with the same location X∗

j from µ̃0. Moreover, for each latent group j,
denote by rj the partial sum of elements in (rdj)dj with respect to d, that is, the total number of
different marks across random measures µ̃e1, . . . , µ̃eD associated with the same location. Notice
that, whenever observations are associated with the same mark, i.e. Zi = Zℓ, they are also
associated with the same location, i.e. Xi = Xℓ, while the converse is not necessarily true; stated
differently, a tie between values in Z implies a tie between corresponding values in X, that is,
the two random partitions are nested.

In light of the partition structure described above, the augmented likelihood function can be
expressed as

L(µ̃e1, . . . , µ̃eD;T ,∆,X,Z)

= Q(T ,X) exp

{
−

D∑
d=1

∫
[0,1]×X

Kn(x) µ̃
e
d(dz, dx)

}
D∏
d=1

k∏
j=1

rdj∏
h=1

µ̃ed(dZ
∗
djh, dX

∗
j )
qdjh , (3.7)

where, in order to ease the notation, the following quantities have been defined:

Q(T ,X) =

k∏
j=1

∏
{i : Xi=X∗

j }

k(Ti;X
∗
j ), Kn(x) = Kn(x;T ) =

n∑
i=1

∫ Ti

0
k(s;x) ds. (3.8)

The expression in (3.7) allows to conveniently isolate the contributions of the observed survival
times and event types, and of the sequences of latent variables, to the joint likelihood function.
Specifically, survival times T enter the likelihood through quantities Q(T ,X) and Kn(x;T ),
while event types ∆ enforce constraints on the possible configurations of the latent nested
partition structure, which is encoded into multiplicities (qdjh)djh at its finer Z-level and (rdj)dj

at its coarser X-level.
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The joint probability distribution of the exchangeable competing risks observations and latent
variables introduced in this section is obtained by integrating the likelihood function in (3.7)
with respect to the hierarchical prior distribution Q; its derivation closely follows the unifying
recursive approach discussed in Chapter 2. For this purpose, let ψ and τ be the Laplace exponent
and cumulants of the random measures µ̃1, . . . , µ̃D at the lower level of the hierarchy, as defined
in (2.7),

ψ(u) =

∫
R+

(1− e−us) ρ(ds), τ(m;u) =

∫
R+

sm e−us ρ(ds); (3.9)

the corresponding quantities ψ0 and τ0 for the random measure µ̃0 at the root of the hierarchy
are defined replacing ρ with ρ0.

Proposition 3.1. The joint marginal distribution of observations (T ,∆) and latent variables
(X,Z) is

P(T ,∆,X,Z) = Q(T ,X) exp

{
−
∫
X
ψ0

(
Dψ(Kn(x))

)
θP0(dx)

}
×

k∏
j=1

(
D∏
d=1

rdj∏
h=1

τ(qdjh;Kn(X
∗
j ))H(dZ∗

djh)

)
τ0
(
rj ;Dψ(Kn(X

∗
j ))
)
θP0(dX

∗
j ).

Note that the random partition induced by ties in the latent sequence of marks Z, which
is encoded into multiplicities (qdjh)djh and denoted hereinafter by ΠZ , is solely relevant in this
expression, while their distinct values, denoted by Z∗, are conditionally independent and sampled
from the arbitrary probability measure H, and can be marginalized out. On the contrary, both
the random partition induced by ties in the sequence of locations X and their distinct values,
denoted by ΠX and X∗, respectively, enter the marginal distribution; in particular, the distinct
values X∗

1 , . . . , X
∗
k are tied to the observed survival times through the kernel product term

Q(T ,X). Therefore, upon marginalization with respect to the distinct values Z∗, the result in
Proposition 3.1 can be restated as

P(T ,∆,ΠX ,X
∗,ΠZ) = Q(T ,X) exp

{
−
∫
X
ψ0

(
Dψ(Kn(x))

)
θP0(dx)

}
×

k∏
j=1

(
D∏
d=1

rdj∏
h=1

τ(qdjh;Kn(X
∗
j ))

)
τ0
(
rj ;Dψ(Kn(X

∗
j ))
)
θP0(dX

∗
j ). (3.10)

This expression represents the cornerstone of computational developments, discussed in Section
3.6: indeed, full conditional distributions obtained from (3.10) are exploited to devise a marginal
Gibbs sampling scheme.

The specification of Proposition 3.1 in the special case of generalized gamma hierarchical
CRM and Dykstra and Laud (1981) kernel choice concludes this section.

Example 3.2. Consider as hierarchical prior distribution Q the hierarchical generalized gamma
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CRM introduced in (2.18); its Laplace exponent and cumulants (3.9) take the forms

ψ(u) =
(β + u)σ − βσ

σ

(σ=0)
= log

(
1 +

u

β

)
, τ(m;u) =

Γ(m− σ)
Γ(1− σ)

(β + u)σ−m,

with ψ0 and τ0 defined replacing β and σ with β0 and σ0. Moreover, consider the Dykstra and
Laud (1981) kernel with constant function γ, that is k(t;x) = γ 1(t ≥ x), so that the quantities
in (3.8) become

Q(T ,X) = γn
k∏
j=1

1

(
min

{i : Xi=X∗
j }
Ti ≥ X∗

j

)
, Kn(x) = γ

n∑
i=1

max(Ti − x, 0).

The joint marginal distribution in (3.10) boils down to the closed-form expression

P(T ,∆,ΠX ,X
∗,ΠZ) =

k∏
j=1

(
D∏
d=1

rdj∏
h=1

Γ(qdjh − σ)
Γ(1− σ)

)
Γ(rj − σ0)
Γ(1− σ0)

× exp

{
− θ

σ0

∫
X

((
β0 +

D

σ

(
(β +Kn(x))

σ − βσ
))σ0

− βσ00
)
P0(dx)

}
×

k∏
j=1

(
β +

D

σ

(
(β +Kn(X

∗
j ))

σ − βσ
))σ0−rj

(β +Kn(X
∗
j ))

rjσ−nj

× γn θk
k∏
j=1

1

(
min

{i : Xi=X∗
j }
Ti ≥ X∗

j

)
P0(dX

∗
j ).

3.4 Prediction curves

An important by-product of Proposition 3.1 and (3.10) is the possibility to determine the
predictive distribution for a future observation, namely the pair of future survival time Tn+1 and
corresponding event type ∆n+1, given the previous observations and latent variables. Moreover,
the predictive distribution for the event type ∆n+1, given survival time Tn+1 and previous
observations and latent variables, may be also derived up to its normalizing constant. Such
conditional distributions underlie the notion of prediction curves, which correspond to the
probabilities for a future event to be of each type, as a function of the survival time, namely

t 7→ P(∆n+1 = d | Tn+1 = t,T ,∆,ΠX ,X
∗,ΠZ), d = 1, . . . , D; (3.11)

prediction curves represent the main contribution proposed in this chapter from both a method-
ological and practical point of view, as already discussed in Section 3.1.

Consider a conditional distribution of the random variables (Tn+1,∆n+1, Xn+1), given the
previous observations (T ,∆) and latent variables (ΠX ,X

∗,ΠZ), collectively denoted by Fn; this
distribution is absolutely continuous with respect to the Lebesgue measure in its first component,
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while the third component is characterized by point masses at X∗
1 , . . . , X

∗
k , and is absolutely

continuous at any other point. Specifically, from (3.10), one obtains (see proof in Appendix A.2)

P(Tn+1 ∈ dt,∆n+1 = d,Xn+1 = X∗
j | Fn)

= k(t;X∗
j ) exp

{
−
∫
X
(ψ0(Dψ(Kn+1(y; t)))− ψ0(Dψ(Kn(y)))) θ P0(dy)

}
×

k∏
ξ=1

τ0(rξ;Dψ(Kn+1(X
∗
ξ ; t)))

τ0(rξ;Dψ(Kn(X∗
ξ )))

D∏
ℓ=1

rℓξ∏
h=1

τ(qℓξh;Kn+1(X
∗
ξ ; t))

τ(qℓξh;Kn(X∗
ξ ))

×

{ rdj∑
h=1

τ(qdjh + 1;Kn+1(X
∗
j ; t))

τ(qdjh;Kn+1(X∗
j ; t))

+ τ(1;Kn+1(X
∗
j ; t))

τ0(rj + 1;Dψ(Kn+1(X
∗
j ; t)))

τ0(rj ;Dψ(Kn+1(X∗
j ; t)))

}
dt, (3.12)

for each j = 1, . . . , k, while for any x /∈ {X∗
1 , . . . , X

∗
k },

P(Tn+1 ∈ dt,∆n+1 = d,Xn+1 ∈ dx | Fn)

= k(t;x) exp

{
−
∫
X
(ψ0(Dψ(Kn+1(y; t)))− ψ0(Dψ(Kn(y)))) θ P0(dy)

}
×

k∏
j=1

τ0(rj ;Dψ(Kn+1(X
∗
j ; t)))

τ0(rj ;Dψ(Kn(X∗
j )))

D∏
ℓ=1

rℓj∏
h=1

τ(qℓjh;Kn+1(X
∗
j ; t))

τ(qℓjh;Kn(X∗
j ))

× τ(1;Kn+1(x; t)) τ0(1;Dψ(Kn+1(x; t))) θ P0(dx) dt, (3.13)

where Kn+1(x; t) = Kn(x) +

∫ t

0
k(s, x) ds is the updated kernel term. Note that, in case the

latent location Xn+1 does not coincide with any of the distinct values X∗
1 , . . . , X

∗
k , the expression

above does not depend on d; therefore, the observations do not provide any information updating
the uniform prior belief on the probabilities of experiencing each competing event. On the other
hand, when Xn+1 = X∗

j , the non-informative prior is updated according to the latent partition
induced by the sequence Z and encoded into multiplicities (qdjh), for h = 1, . . . , rdj .

A predictive distribution for the future observation (Tn+1,∆n+1), given Fn, is obtained from
the expressions above by integrating out the latent location Xn+1. This distribution is the
starting point to determine the predictive distribution of the future event type ∆n+1 conditionally
on the time Tn+1 at which such event occurs; the prediction curves defined in (3.11) are based
on this latter distribution.

Proposition 3.3. The predictive distribution of event type ∆n+1, given survival time Tn+1 and
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previous observations and latent variables, collected into Fn, is

P(∆n+1 = d | Tn+1 = t,Fn) ∝
k∑
j=1

k(t;X∗
j )

rdj∑
h=1

τ(qdjh + 1;Kn+1(X
∗
j ; t))

τ(qdjh;Kn+1(X∗
j ; t))

+

k∑
j=1

k(t;X∗
j ) τ(1;Kn+1(X

∗
j ; t))

τ0(rj + 1;Dψ(Kn+1(X
∗
j ; t)))

τ0(rj ;Dψ(Kn+1(X∗
j ; t)))

+

∫
X
k(t;x) τ(1;Kn+1(x; t)) τ0(1;Dψ(Kn+1(x; t)))P0(dx).

The analytical form of the prediction curves, including both cause-specific and common terms,
reflects the nested partition structure induced by hierarchical random measures; the interplay
between these terms determines the way observations shape the prediction curves.

Example 3.4. The joint marginal distribution for the hierarchical generalized gamma CRM,
introduced in (2.18), is described in Example 3.2; the corresponding prediction curves, for any
d = 1, . . . , D, are expressed as

P(∆n+1 = d | Tn+1 = t,Fn)

∝
k∑
j=1

1(t ≥ X∗
j )

 ndj − rdjσ
β +Kn+1(X∗

j ; t)
+

(rj − σ)
(
β +Kn+1(X

∗
j ; t)

)σ−1

β0 +
D

σ

(
(β +Kn+1(X

∗
j ; t))

σ − βσ
)


+

∫
(0,t]

(
β +Kn+1(x; t)

)σ−1
(
β0 +

D

σ

(
(β +Kn+1(x; t))

σ − βσ
))σ0−1

P0(dx),

where the updated kernel term is Kn+1(x; t) = Kn(x) + γ max(t− x, 0). The expression above
depends on the specific event type only though the multiplicities (ndj)j and (rdj)j , respectively
the number of subjects among those experiencing event type d and the number of distinct latent
marks from random measure µ̃ed associated to each latent location.

3.5 Posterior characterization and estimates

The determination of posterior distributions represents a fundamental step in Bayesian analysis;
in this section, the posterior distribution of the hierarchically dependent random measures
µ̃1, . . . , µ̃D is explicitly characterized, conditionally on both the observations and the sequences
of latent variables, introduced in Section 3.3. Specifically, random measures µ̃1, . . . , µ̃D and µ̃0
are still CRMs a posteriori, each consisting of a finite number of random jumps at fixed locations
and a non-homogeneous CRM without fixed discontinuity points. Moreover, the hierarchical
structure is preserved a posteriori, that is, random measures at the lower level of the hierarchy
are conditionally independent given the random measure at the root. This structural conjugacy
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property for hierarchical random measures parallels the findings in Camerlenghi et al. (2019) and
Camerlenghi et al. (2021), extensively discussed in Section 2.6: indeed, the characterization of
their posterior distributions through conditional Laplace transforms is completely analogous.

Proposition 3.5. The posterior distribution of the random measure µ̃0 at the root of the hierarchy,
given the observations and the latent variables, collected into Fn = (T ,∆,ΠX ,X

∗,ΠZ), coincides
with the distribution of the random measure

µ̃∗0(dx) +
k∑
j=1

Vj δX∗
j
(dx),

where the random elements in the sum are mutually independent, µ̃∗0 is a CRM with non-
homogeneous Lévy intensity measure

ν∗0(ds, dx) = exp
{
−Dψ(Kn(x)) s

}
ρ0(ds) θP0(dx),

and each Vj is a non-negative random variable sampled proportionally to

srj exp
{
−Dψ(Kn(X

∗
j )) s

}
ρ0(ds), j = 1, . . . , k.

At the lower level of the hierarchy, the posterior distribution of each random measure µ̃d, given
observations, latent variables and the random measure µ̃0, coincides with the distribution of the
random measure

µ̃∗d(dx) +
k∑
j=1

rdj∑
h=1

Sdjh δX∗
j
(dx),

where the random elements in the sum are mutually independent, µ̃∗d is a CRM with non-
homogeneous Lévy intensity measure

ν∗(ds, dx) = e−Kn(x) s ρ(ds) µ̃0(dx),

and each Sdjh is a non-negative random variable sampled proportionally to

sqdjh e−Kn(X∗
j ) s ρ(ds), j = 1, . . . , k, h = 1, . . . , rdj .

This result sheds light on the way the nested partition structure enters the posterior distri-
bution of hierarchical random measures. At the root of the hierarchy, the distribution of each
random jump Vj depends on the multiplicity rj , corresponding to the number of different marks
across random measures µ̃1, . . . , µ̃D associated to the latent location X∗

j . On the other hand, at
the lower level of the hierarchy, the distribution of each random jump Sdjh from random measure
µ̃d depends on the number of observations qdjh associated to the latent mark Z∗

djh, which in
turn is matched with the latent location X∗

j . In other words, the posterior distribution of each
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random measure µ̃d depends on the (finer) partition, induced by the latent sequence Z, of the
observations for which ∆i = d, i.e. on the association of observations with marks, while the
posterior distribution of the root measure µ̃0 depends on the way the finer partition induced
by Z is nested into the coarser partition induced by X, i.e. on the association of marks with
locations.

Furthermore, the components of the posterior random measures featuring random locations,
namely random measures µ̃∗1, . . . , µ̃∗D and µ̃∗0, are characterized by non-homogeneous Lévy inten-
sity measures, defined as an exponential tilting of the corresponding prior homogeneous Lévy
intensities. Such prior-posterior updating mechanism only depends on the observed survival
times T through the function x 7→ Kn(x;T ) introduced in (3.8), and is unaffected by the latent
partition structure. Note that, at both levels of the hierarchy, the distributions of the random
jumps at each fixed latent location X∗

j also depend on the evaluation Kn(X
∗
j ) of such function at

that same location. The non-homogeneity of the posterior Lévy intensity measures is unavoidable
for the class of random mixture hazards models (James, 2005; Lijoi and Nipoti, 2014; Camerlenghi
et al., 2021; Lau and Cripps, 2022), and has crucial implications from the computational point of
view, as detailed in Section 3.6.

Example 3.6. The hierarchical generalized gamma CRM, introduced in (2.18) and considered
as prior distribution in Examples 3.2 and 3.4, allows for straightforward prior-posterior updates
of its parameters, in view of Proposition 3.5. Specifically, the random measures µ̃∗1, . . . , µ̃∗D and
µ̃∗0 are still (extended) generalized gamma CRMs, with the same values for σ and σ0 and updated
rate parameters (which are actually functions, due to non-homogeneity a posteriori)

β(post)(x) = β +Kn(x), β
(post)
0 (x) = β0 +

D

σ

(
(β +Kn(x))

σ − βσ
)
.

Similarly, for each fixed latent location X∗
j , the random jumps (Sdjh)dh and Vj have Gamma

distributions

Sdjh ∼ Gamma
(
qdjh − σ, β +Kn(X

∗
j )
)
, d = 1, . . . , D, h = 1, . . . , rdj ,

Vj ∼ Gamma
(
rj − σ0, β0 +

D

σ

(
(β +Kn(X

∗
j ))

σ − βσ
))

.

Therefore, the hierarchical generalized gamma CRM can be regarded as the (conditionally) conju-
gate prior choice for the model (3.4) considered in this paper. Further considerations on the role
of the generalized gamma CRMs as natural conjugate priors for Bayesian nonparametric models
based on (hierarchical) random measures can be found in Section 2.7. Moreover, considering the
Dykstra and Laud (1981) kernel choice, the prior-posterior updating mechanism is governed by
the non-negative and non-increasing function

Kn(x) = γ

n∑
i=1

max(Ti − x, 0);
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such function reaches its maximum at x = 0, where Kn(0) = γ
∑n

i=1 Ti, and is null for values
of x larger than the largest observed survival time, that is, Kn(x) = 0 whenever x ≥ maxi Ti.
Hence, the deflating effect of the exponential tilting update in the posterior Lévy intensities is
larger for smaller values of x, and becomes negligible for larger values of x. Additionally, each of
the fixed latent locations X∗

1 , . . . , X
∗
k is necessarily smaller than the largest observed survival

time, because of the kernel product term Q(T ,X). As a result, the observations do not provide
any information about the region beyond the largest observed survival time, where the prior and
the posterior distributions of the random measures coincide. Similar considerations apply to the
other kernel choices mentioned in Section 3.1.

The posterior distribution of hierarchical random measures, characterized in Proposition 3.5, is
the starting point for Bayesian inference, as posterior estimates of many functionals of µ̃1, . . . , µ̃D
can be determined resorting to it. In particular, within the competing risks setting discussed in
this work, fundamental quantities to estimate are the overall survival function in (3.2) and the
cause-specific incidence functions in (3.5); their posterior estimates, given both the observations
and the latent variables, are obtained by marginalization with respect to the posterior random
measures. For this purpose, it is convenient to explicitly define the non-homogeneous jump
components of the posterior Lévy intensities as

ρ∗(ds |x) = e−Kn(x) s ρ(ds), ρ∗0(ds |x) = exp
{
−Dψ(Kn(x)) s

}
ρ0(ds).

Therefore, the Laplace exponent and cumulants of the posterior random measures µ̃∗1, . . . , µ̃∗D are

ψ∗(u |x) =
∫
R+

(1− e−us) ρ∗(ds |x), τ∗(m;u |x) =
∫
R+

sm e−us ρ∗(ds |x); (3.14)

again, the corresponding quantities ψ∗
0 and τ∗0 for the random measure µ̃∗0 are defined replacing

ρ∗ with ρ∗0. In the following, the dependence of the above quantities on x is usually omitted,
being clear from the context.

Proposition 3.7. The posterior estimate of the overall survival function S̃(t) with respect to a
quadratic loss, given the observations and the latent variables, for t > 0, is

E
[
S̃(t) | Fn

]
= exp

{
−
∫
X
ψ∗
0

(
Dψ∗(K1(x; t))

)
θP0(dx)

}
×

k∏
j=1

(
D∏
d=1

rdj∏
h=1

τ∗(qdjh;K1(X
∗
j ; t))

τ∗(qdjh; 0)

)
τ∗0
(
rj ;Dψ

∗(K1(X
∗
j ; t))

)
τ∗0 (rj ; 0)

,

where K1(x; t) =

∫ t

0
k(s;x) ds is the integrated kernel up to time t > 0.

Proposition 3.8. For each δ = 1, . . . , D, the posterior estimate of the cause-specific incidence
function p̃(dt, δ) with respect to a quadratic loss, given the observations and the latent variables,
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for t > 0, is

E [ p̃(dt, δ) | Fn] = E
[
S̃(t) | Fn

] {∫
X
k(t;x) τ∗(1;Kt(x)) τ

∗
0

(
1;Dψ∗(Kt(x))

)
θP0(dx)

+

k∑
j=1

k(t;X∗
j ) τ

∗(1;Kt(X
∗
j ))

τ∗0
(
rj + 1;Dψ∗(Kt(X

∗
j ))
)

τ∗0
(
rj ;Dψ∗(Kt(X∗

j ))
)

+
k∑
j=1

k(t;X∗
j )

rδj∑
h=1

τ∗(qδjh + 1;Kt(X
∗
j ))

τ∗(qδjh;Kt(X∗
j ))

}
dt.

Remarkably, the posterior estimates of cause specific incidence functions coincide with the
posterior estimate of the directing random measure, which in turn corresponds to the predictive
distribution for the future observation (Tn+1,∆n+1), given the previous observations and latent
variables; this distribution is extensively discussed in Section 3.4, where it is instead derived
from the joint marginal distribution in Proposition 3.1. Although the two expression seemingly
differ, they do actually coincide, as shown in Appendix A.2 by means of non-trivial analytical
manipulations. As a consequence, the predictive distribution for the future event type given its
time of occurrence, obtained in Proposition 3.3 and employed to define prediction curves, can be
equivalently derived from Proposition 3.8; specifically, such predictive distribution is proportional
to the posterior estimate of the directing random measure.

The closed-form expressions of Bayesian posterior estimates derived in Propositions 3.7 and
3.8 allow for pointwise evaluations of the overall survival function and cause-specific incidence
functions, once the hierarchical prior Q and the kernel k(·; ·) are specified (e.g., hierarchical
generalized gamma and Dykstra and Laud (1981) kernel, as in Examples 3.2 and 3.6). For their
practical estimation, not depending on non-observable quantities, a further marginalization with
respect to the posterior distribution of the latent variables, given the observations, is needed;
however, such marginalization cannot be performed analytically, and is achieved resorting to a
Gibbs sampling scheme, which is the detailed in the next section.

3.6 Gibbs sampling schemes

The latent partition structure described in Section 3.3 represents the fundamental building
block for characterizing both marginal and posterior distributions throughout this work; in
particular, the posterior distribution of hierarchical random measures, and consequently the
posterior estimates of functionals of interest, are derived conditionally on such partition structure.
This section is devoted to the description of a Gibbs sampling scheme for updating the sequences
of latent variables X and Z within an MCMC procedure; the stream of samples from their
posterior distributions can then be exploited to compute unconditioned Bayesian estimates by
marginalizing them out via Monte Carlo integration.
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The sampling strategy introduced in the following is based on the analytical marginalization
of the hierarchical prior distribution, hence belonging to the class of marginal methods. Such
marginalization induces dependence among elements of the latent sequences: indeed, they are
sequentially updated according to an urn scheme. In Bayesian nonparametrics, the adoption of
self-reinforced urn schemes to describe predictive distributions dates back to the Blackwell and
MacQueen (1973) characterization of the Dirichlet process through a Pólya urn model. However,
their practical implementation within MCMC algorithms for posterior inference was popularized
by Escobar and West (1995), where a marginal Gibbs sampling scheme is devised for Dirichlet
process mixture models (Lo, 1984); this sampling strategy has been generalized to mixtures
over stick-breaking priors (Ishwaran and James, 2001) and normalized CRMs (James et al.,
2009). The first description of a predictive urn scheme for hierarchical priors, namely hierarchical
Dirichlet processes, can be found in Teh et al. (2006), where it is interpreted in light of the
Chinese restaurant franchise metaphor. The marginal Gibbs sampler presented in this section is
an adaptation of the urn schemes developed in Camerlenghi et al. (2019, 2021).

Consider the i-th observation (Ti,∆i), meaning that subject i has experienced the competing
event of type ∆i at time Ti, and assume ∆i = d. The full conditional distribution of the
corresponding latent variables Xi and Zi, given the observations, namely the survival times T

and event types ∆, and the other latent variables, conventionally denoted by Z−i and X−i, is
derived from the joint marginal distribution presented in Proposition 3.1 and restated in (3.10),
whose product form greatly simplifies the predictive structure. Specifically, such full conditional
distribution can be effectively described in terms of the reallocation of the i-th observation within
the latent partition structure, distinguishing three alternative cases.

(1) Both Xi and Zi display ties with other conditioning latent variables, say Xi = X∗
j and

Zi = Z∗
djh, with probability

P
(
Xi = X∗

j , Zi = Z∗
djh | · · ·

)
∝ k(Ti;X∗

j )
τ(q−idjh + 1;Kn(X

∗
j ))

τ(q−idjh;Kn(X∗
j ))

,

where q−idjh denotes the number of latent marks in Z−i taking value Z∗
djh; in other words,

the i-th observation is associated to the latent mark Z∗
djh from random measure µ̃ed, which

in turn is matched with the latent location X∗
j .

(2) Xi displays a tie with values in X−i, say Xi = X∗
j , while Zi assumes a new value, i.e. not

included in Z−i, with probability

P
(
Xi = X∗

j , Zi = ‘new’ | · · ·
)
∝ k(Ti;X∗

j ) τ(1;Kn(X
∗
j ))

τ0
(
r−ij + 1;Dψ(Kn(X

∗
j ))
)

τ0
(
r−ij ;Dψ(Kn(X∗

j ))
) ,

where r−ij denotes the number of distinct marks in Z−i associated with location X∗
j ; in

other words, the i-th observation is associated to a new latent mark from random measure
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µ̃ed, which is matched with the latent location X∗
j .

(3) Both Xi and Zi assume new values, i.e. not included in X−i and Z−i, respectively, with
probability

P (Xi = ‘new’, Zi = ‘new’ | · · · ) ∝
∫
X
k(Ti;x) τ(1;Kn(x)) τ0

(
1;Dψ(Kn(x))

)
θP0(dx);

in other words, the i-th observation is associated to a new latent mark from random measure
µ̃ed, which is itself matched with a new latent location from the root random measure µ̃0.

As already discussed in Section 3.3, the new value possibly assigned to latent variable Zi
is arbitrary, and does not play any role within the Gibbs sampling scheme: the only relevant
information encoded in the elements of the latent sequence of marks is the random partition
structure induced by their ties. On the contrary, the new value possibly assigned to latent
variable Xi in case (3) directly impacts the allocation probabilities in future steps of the Gibbs
sampling scheme, and is sampled from a diffuse probability measure with density proportional to

k(Ti;x) τ(1;Kn(x)) τ0
(
1;Dψ(Kn(x))

)
P0(dx).

Note that, for the actual implementation of the urn scheme introduced above within an MCMC
algorithm, the role reserved here to the i-th observation is taken in turn by each of the n available
observations, which are sequentially reallocated within the latent partition structure; indeed,
groups multiplicities encoding such structure are recomputed at each step removing the latent
variables corresponding to the observation to be reallocated.

Each iteration of the Gibbs sampling algorithm proposed in this section effectively updates
the latent nested partition structure, which is sampled from the its full conditional distribution.
A further step within the same Gibbs sampler consists in the independent resampling of latent
locations X∗

1 , . . . , X
∗
k , whose full conditional distributions are obtained from the same result.

This additional acceleration step represents a common practice in marginal sampling algorithms
based on urn schemes, and is known to enhance their mixing properties (Escobar and West,
1998; MacEachern, 1998; Ishwaran and James, 2001). More precisely, each latent location X∗

j is
independently resampled, given the observations and latent partition structure, from the diffuse
probability measure with density proportional to

P
(
X∗
j ∈ dx | · · ·

)
∝

 ∏
i : Xi=X∗

j

k(Ti;x)

( D∏
d=1

rdj∏
h=1

τ(qdjh;Kn(x))

)
τ0
(
rj ;Dψ(Kn(x))

)
P0(dx).

Finally, hyperpriors are frequently imposed on the hyperparameters characterizing either the
Lévy intensity measures ρ and ρ0 or the kernel k(·; ·); in particular, the gamma distribution on θ
is the conjugate prior with respect to the marginal distribution in (3.10). Therefore, if θ has prior
distribution Gamma(a, b), its full conditional distribution, given the observed survival times T
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and the number k of distinct latent locations, is

θ | T , k ∼ Gamma
(
a+ k, b+

∫
X
ψ0

(
Dψ(Kn(x))

)
θP0(dx)

)
.

Example 3.9. Considering the hierarchical generalized gamma CRM and the Dykstra and
Laud (1981) kernel, as in Examples 3.2 and 3.6, the marginal Gibbs sampling scheme for the
reallocation of the i-th observation within the partition structure boils down to:

(1) for each latent location X∗
j such that X∗

j ≤ Tn+1,

P
(
Xi = X∗

j , Zi = Z∗
djh | · · ·

)
∝

q−idjh − σ
β +Kn(X∗

j )
, h = 1, . . . , r−idj ;

(2) for each latent location X∗
j such that X∗

j ≤ Tn+1,

P
(
Xi = X∗

j , Zi = ‘new’ | · · ·
)
∝ (β +Kn(X

∗
j ))

σ−1
r−ij − σ0

β0 +
D

σ

(
(β +Kn(X

∗
j ))

σ − βσ
) ;

(3) both Xi and Zi assume new values with probability

P (Xi = ‘new’, Zi = ‘new’ | · · · )

∝
∫ Ti

0
(β +Kn(x))

σ−1

(
β0 +

D

σ

(
(β +Kn(x))

σ − βσ
))σ0−1

θP0(dx);

in this case, the new value assigned to Xi is sampled between 0 and Ti, proportionally to

(β +Kn(x))
σ−1

(
β0 +

D

σ

(
(β +Kn(x))

σ − βσ
))σ0−1

P0(dx).

Note that the quantities in case (1) and case (2) are easily computed in closed form, while the
integral in case (3) can be evaluated via numerical approximations (e.g. quadrature formulas).
Moreover, the new value possibly assigned to Xi can be sampled exploiting classical rejection
sampling techniques. Finally, each latent location X∗

j is independently resampled between 0 and
the minimum observed survival time associated with it, that is min{i : Xi=X∗

j } Ti, proportionally
to

P
(
X∗
j ∈ dx | · · ·

)
∝ (β +Kn(x))

rjσ−nj

(
β +

D

σ

(
(β +Kn(x))

σ − βσ
))σ0−rj

P0(dx);

this task is routinely performed by means of a Metropolis-Hastings step.

The main reason for devising the marginal Gibbs sampling scheme detailed above is the
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computation of Bayesian posterior estimates of functionals of interest, namely the overall survival
function and the cause-specific incidence functions (or the cause-specific subdistributions), and the
construction of the prediction curves. More precisely, at each iteration of the MCMC algorithm,
the updated latent variables, which have been resampled according to their full conditional
distributions, are plugged into the expressions presented in Propositions 3.7 and 3.8, in order to
obtain a corresponding (conditional) posterior estimate of such functionals; the unconditioned
posterior estimates are eventually computed by averaging over the sequence of estimates from
the Markov chain.

Nevertheless, the marginal approach cannot be adopted for a reliable quantification of the
uncertainty around posterior estimates. Indeed, the sequence of conditional estimates computed
at each MCMC iteration is not a sample from the posterior distribution of the corresponding
functionals, since the uncertainty associated to the posterior hierarchical random measures has
been averaged out analytically in Propositions 3.7 and 3.8; see Lijoi and Nipoti (2014) for
further details on this aspect. An alternative approach consists in sampling, at each iteration
of the MCMC algorithm, a number of independent realizations from the posterior distribution
of hierarchical random measures, given the observations and the updated latent variables, as
characterized in Proposition 3.5; these samples can then be promptly exploited to compute an
equal number of posterior estimates of functionals of interest, directly from their definitions
(3.2) and (3.5). This conditional method entirely accounts for the posterior uncertainty, and
estimates obtained through this approach are actual samples from the posterior distribution of
the corresponding functionals: therefore, reliable credible bands can be effectively constructed
based upon them.

The practical implementation of the conditional method requires sampling from the posterior
distribution of hierarchical random measures; in particular, sampling both random jumps and
random locations of the non-homogeneous random measures µ̃∗1, . . . , µ̃∗D and µ̃∗0 represents a
challenging task, and involves the truncation of such infinite sequences. A popular sampling
algorithm for CRMs is based on the Ferguson and Klass (1972) representation of independent
increment processes, which guarantees the sequence of random jumps to be almost-surely
decreasing. This compelling property ensures that, for each truncation level, the most relevant
jumps are considered, and allows for a better control of the truncation error. In presence
of non-homogeneous CRMs, an alternative and simpler sampling algorithm was suggested by
Wolpert and Ickstadt (1998); however, their proposal does not induce an almost surely decreasing
sequence of jumps, which represents a major drawback when a truncation is performed (Walker
and Damien, 2000). An interesting result supporting the adoption of this techniques in Bayesian
nonparametrics is discussed in Camerlenghi et al. (2021): when the non-homogeneity a posteriori
is induced by an exponential tilting of a homogeneous prior, the sequence of jumps sampled from
the posterior can be bounded above by a corresponding decreasing sequence obtained from the
prior. Such theoretical guarantees on the truncation error underpin the conditional sampling
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method proposed in the following.

Consider the non-homogeneous random measure µ̃∗0 at the root of the posterior hierarchy,
introduced in Proposition 3.5 and characterized by the Lévy intensity measure

ν∗0(ds, dx) = ρ∗0(ds |x) θP0(dx) = exp
{
−Dψ(Kn(x)) s

}
ρ0(ds) θP0(dx);

(1) the sequence of random locations
(
X

(0)
h

)
h≥1

is sampled independently from base probability
measure P0;

(2) the sequence of random jumps
(
V

(0)
h

)
h≥1

is sampled according to the Wolpert and Ickstadt

(1998) algorithm, that is by solving sequentially with respect to V (0)
h the equations

N
(0)
h = θ

∫ ∞

V
(0)
h

exp
{
−Dψ

(
Kn

(
X

(0)
h

))
s
}
ρ0(ds), h ≥ 1,

where
(
N

(0)
h

)
h≥1

is the sequence of jump times of a unit-rate Poisson process, namely

N
(0)
0 = 0 and, for h ≥ 1, the increments N (0)

h −N
(0)
h−1 are independent and exponentially

distributed with unit mean.

As suggested in Camerlenghi et al. (2021), this procedure is stopped as soon as, for some H0,

N
(0)
H0

> θ

∫ ∞

ε
ρ0(ds),

which guarantees each of the discarded jumps V (0)
H0+1, V

(0)
H0+2, . . . to be smaller than some threshold

ε > 0; in practical implementations, such threshold may either be a small and fixed value, or
depend on the previously sampled jumps V (0)

1 , . . . , V
(0)
H0

, e.g. through their sum. As a result, an
approximate realization of the root random measure µ̃0 from its posterior distribution is given by

k∑
j=1

Vj δX∗
j
(dx) +

H0∑
h=1

V
(0)
h δ

X
(0)
h

(dx), (3.15)

where the random jumps V1, . . . , Vk at the fixed locations X∗
1 , . . . , X

∗
k are sampled as specified

in Proposition 3.5. Note that, since P0 is a diffuse probability measure, the random locations
X

(0)
1 , . . . , X

(0)
H0

assume distinct values almost surely, and differ from the fixed locations X∗
1 , . . . , X

∗
k

as well.

Similarly, at the lower level of the posterior hierarchy, consider each non-homogeneous random
measure µ̃∗d, characterized by the Lévy intensity measure

ν∗(ds, dx) = ρ∗(ds |x) µ̃0(dx) = e−Kn(x) s ρ(ds) µ̃0(dx);

(1) the sequence of random locations
(
X

(d)
h

)
h≥1

is sampled independently and proportionally
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to the discrete measure µ̃0(dx), an approximation of which is obtained in (3.15);

(2) the sequence of random jumps
(
S
(d)
h

)
h≥1

is sampled by solving sequentially with respect to

S
(d)
h the equations

N
(d)
h = µ̃0(X)

∫ ∞

S
(d)
h

e−Kn(X
(d)
h ) sρ(ds), h ≥ 1,

where µ̃0(X) is the total mass of µ̃0 and
(
N

(d)
h

)
h≥1

is the sequence of jump times of a
unit-rate Poisson process.

Again, the procedure above is stopped as soon as, for some Hd,

N
(d)
Hd

> µ̃0(X)
∫ ∞

ε
ρ(ds),

which guarantees each of the discarded jumps S(d)
Hd+1, S

(d)
Hd+2, . . . to be smaller than the threshold

ε > 0. An approximate realization of the random measure µ̃d from its posterior distribution is
thus given by

k∑
j=1

rdj∑
h=1

Sdjh δX∗
j
(dx) +

Hd∑
h=1

S
(d)
h δ

X
(d)
h

(dx), (3.16)

where the random jumps at fixed locations are sampled as specified in Proposition 3.5; in fact,
the truncation of the infinite sequence of jumps in (3.16), and the conditioning on a truncated
realization of the base measure µ̃0, entail two levels of approximation. Moreover, note that the
random locations X(d)

1 , . . . , X
(d)
Hd

display ties with positive probability, and take values among the

finite collection of locations X∗
1 , . . . , X

∗
k and X(0)

1 , . . . , X
(0)
H0

characterizing the discrete and finitely
supported measure approximating µ̃0 in (3.15). As a consequence, an alternative approach for
sampling approximate realizations of each random measure µ̃d from its posterior distribution
consists in sampling its k+H0 cumulative random jumps, associated to the locations inherited by
the approximation in (3.15). Remarkably, the distributions of such cumulative jumps are infinitely
divisible and characterized through their Laplace transforms, while their density functions are
usually not available in closed form, with the notable exception of the hierarchical gamma CRM;
random variables specified via their Laplace transforms or characteristic functions can be sampled
exploiting the general algorithms described in Devroye (1981) and Ridout (2009). This exact
sampling procedure avoids the approximation at the lower level of the hierarchy, and is explored
for hierarchical normalized random measures in Lijoi et al. (2020).

Example 3.10. The conditional method for sampling from the posterior distribution of the
hierarchical random measures µ̃1, . . . , µ̃D, detailed above, is specialized here for the hierarchical
generalized gamma CRM prior choice, previously considered in Examples 3.2, 3.6 and 3.9. A
fundamental role in sampling the sequences of random jumps is played by the upper incomplete
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gamma function, defined as

Γ(a, x) :=

∫ ∞

x
sa−1 e−s ds,

and evaluated for x ≥ 0 and a ∈ (−1, 0]. At the root of the hierarchy, an approximate realization
of µ̃0 from its posterior distribution is given by (3.15), where:

(1) the random jumps V1, . . . , Vk at fixed locations X∗
1 , . . . , X

∗
k are sampled from the Gamma

distribution

Vj ∼ Gamma
(
rj − σ0, β0 +

D

σ

(
(β +Kn(X

∗
j ))

σ − βσ
))

, j = 1, . . . , k;

(2) the sequence of random locations
(
X

(0)
h

)
h≥1

is sampled independently from P0;

(3) the sequence of random jumps
(
V

(0)
h

)
h≥1

is sampled by solving sequentially with respect

to V (0)
h the equations

Γ

(
−σ0, V (0)

h

(
β0 +

D

σ

((
β +Kn

(
X

(0)
h

))σ − βσ)))
=

N
(0)
h Γ(1− σ0)

θ

(
β0 +

D

σ

((
β +Kn

(
X

(0)
h

))σ − βσ))σ0 ,

for h ≥ 1, where
(
N

(0)
h

)
h≥1

is the sequence of jump times of a unit-rate Poisson process.
The truncation level H0 is the first value of h for which

N
(0)
h >

Γ(−σ0, β0ε)
Γ(1− σ0)

βσ00 θ
(β0=0)
=

θ ε−σ0

σ0 Γ(1− σ0)
.

Similarly, at the lower level of the hierarchy, an approximate realization of µ̃d from its posterior
distribution is given by (3.16), where:

(1) the random jumps (Sdjh)jh at fixed locations X∗
1 , . . . , X

∗
k can be sampled in groups from

the Gamma distribution

rdj∑
h=1

Sdjh ∼ Gamma
(
ndj − rdjσ, β +Kn(X

∗
j )
)
, j = 1, . . . , k;

(2) the sequence of random locations
(
X

(d)
h

)
h≥1

is sampled independently and proportionally
to the approximation of µ̃0 obtained above;

(3) the sequence of random jumps
(
S
(d)
h

)
h≥1

is sampled by solving sequentially with respect to
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S
(d)
h the equation

Γ
(
−σ, S(d)

h

(
β +Kn

(
X

(d)
h

)))
=

N
(d)
h Γ(1− σ)

µ̃0(X)
(
β +Kn

(
X

(d)
h

))σ , h ≥ 1,

where µ̃0(X) ≈
∑k

j=1 Vj +
∑H0

h=1 V
(0)
h is the approximated total mass of µ̃0 and

(
N

(d)
h

)
h≥1

is the sequence of jump times of a unit-rate Poisson process. Again, the truncation level
Hd is the first value of h for which

N
(d)
h >

Γ(−σ, βε)
Γ(1− σ)

βσµ̃0(X)
(β=0)
=

µ̃0(X) ε−σ

σ Γ(1− σ)
.

For the actual implementation of this algorithm, the bottleneck is represented by the solution
of the equations in steps (3). A simple but effective approach in practice consists in solving
these equations with respect to the logarithm of the jump, exploiting Newton-Raphson method:
indeed, the functions involved are strictly convex and their derivatives can be computed in closed
form. An implementation of both marginal and conditional algorithms in Julia is available in the
public Github repository CompetingRisks.jl.

3.7 Numerical illustration and simulation study

This section contains a numerical illustration of both the marginal and conditional strategies,
introduced in Section 3.6, on a simulated dataset. The posterior estimates of the overall survival
function and cause-specific incidence functions are compared with the functions controlling the
data-generating mechanism, and with the corresponding frequentist estimates, in order to assess
the effectiveness of the proposed approaches; prediction curves are also constructed and compared
with their data-generating counterparts. Finally, a simulation study is performed with the twofold
purpose of exploring the role of information borrowing among hazard rates, induced by the
hierarchical structure, and evaluating its contribution to the accuracy of posterior estimates.

The data-generating model considered for the numerical illustration involves D = 3 competing
sources of risk, which are assumed to be independent; their potential survival times (see Section
3.1) are sampled from the Weibull distributions

T
(1)
i ∼Weibull(ξ1 = 1.2), T

(2)
i ∼Weibull(ξ1 = 1.6),

T
(3)
i ∼Weibull(ξ2 = 2.4),

(3.17)

where ξ1, ξ2, ξ3 are shape parameters and scale parameters are assumed to be unitary. The
observed survival time Ti is the minimum of these latent survival times, Ti = mind T

(d)
i , while

the corresponding event type ∆i = d if and only if Ti = T
(d)
i . In the following, a simulated

datasets consisting of n = 300 independent observations is considered. Note that, differently
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Figure 3.1: Posterior estimates of the overall survival function (blue), obtained via marginal
(left) and conditional (right) algorithms, and Kaplan-Meier estimate (green), compared with the
true survival function (orange), for a simulated datasets with n = 300 data points; a pointwise
credible band at level 0.90 is also displayed for the conditional approach (right).

from the partially exchangeable settings (Lijoi and Nipoti, 2014; Camerlenghi et al., 2021), the
number of subjects incurring in each competing event is a random variable itself. However, the
parameter choice for the Weibull distributions in (3.17) implies a fairly balanced allocation of the
observations to the event types: in particular, the number of subjects in the simulated dataset
experiencing each competing event is 120, 99 and 81, respectively.

The marginal and conditional Gibbs sampling algorithms are implemented for the hierarchical
generalized gamma CRM prior and Dykstra and Laud (1981) kernel, as specified in Examples 3.9
and 3.10. For illustration purposes, the hyperparameters characterizing the jump components
of the hierarchical random measures are fixed at values β = β0 = 1.0 and σ = σ0 = 0.25,
while the probability measure P0 is assumed uniform on the interval [0, 2], which entirely
contains the simulated data. Moreover, exponential hyperpriors with large mean, corresponding
to a non-informative specification, are imposed on θ and on the kernel parameter γ. The
MCMC procedure is run for 75, 000 iterations, with a burn-in period of 25, 000 iterations; after
thinning, 5, 000 samples from the latent partition structure are collected and exploited to compute
posterior estimates within the marginal method. As for the conditional approach, 20 independent
realizations from the posterior distribution of hierarchical random measures are sampled for
each sample from the latent structure. The standard diagnostic tools suggest convergence of
the Markov chains, which show a fairly good mixing; indeed, using the marginal algorithm, the
average effective sample size for the posterior estimates of the survival function, evaluated on a
grid of points, is about 3, 200.

Figure 3.1 compares the posterior estimates of the overall survival function, obtained via
both the marginal and conditional strategies, with the true survival function, and with the
frequentist Kaplan-Meier estimate. The true survival function, implied by the model in (3.17),
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Figure 3.2: Posterior estimates of cause-specific incidence functions (left) and subdistributions
(right), obtained via the conditional method, and corresponding pointwise credible bands at level
0.90, compared with the true functions (dashed), for a simulated dataset with n = 300 data points;
Bayesian estimates of subdistributions are also compared with the frequentist Aalen-Johansen
estimate (dash-dotted).

is successfully recovered by both methods, which provide similar estimates: their Kolmogorov
distances from the true function (0.02404 and 0.02664, respectively) are substantially smaller
than the Kolmogorov distances computed for the Kaplan-Meier estimate (0.03298). Furthermore,
the pointwise credible band at level 0.90, constructed according to the conditional approach,
entirely contains the true function; such credible band is up to twice as wide as the corresponding
credible band constructed according to the marginal approach (not displayed), and represents a
more conservative and reliable quantification of the uncertainty (see Section 3.6). The posterior
estimates of the cause-specific incidence functions and cause-specific subdistributions, obtained
via the conditional algorithm, are compared with the corresponding true functions in Figure 3.2.
The mutual relationship among incidence functions, and their overall behaviour, are satisfactorily
recovered: indeed, their pointwise credible bands just slightly overlap for times smaller than their
crossing times, which are correctly detected. Moreover, posterior estimates of both subdistribution
functions are consistent with the frequentist Aalen-Johanssen nonparametric estimates, and
the corresponding pointwise credible bands entirely contain the true subdistribution functions.
Finally, prediction curves obtained via the marginal sampling strategy are displayed in Figure
3.3; for comparison, the conditional probabilities, implied by the data-generating model, for an
observation to be of a certain type as functions of the survival time are also reported. Remarkably,
prediction curves feature just slight variations for larger values of t: indeed, observations do
not inform prediction curves beyond the largest observed survival time, as already discussed in
Example 3.6.

The possibility to share information between hazard rates related to different sources of
risk represents the main reason for introducing dependence among such hazard rates through
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Figure 3.3: Prediction curves for each competing source of risk, obtained via the marginal method,
and corresponding pointwise credible bands at level 0.90, compared with the true functions
(dashed), for a simulated dataset with n = 300 data points; the vertical black dashed line marks
the 0.95 empirical quantile of the observed survival times.

hierarchical priors. The simulation study presented in the following compares the performances of
proposed model, featuring hierarchically dependent hazard rates, with those of the corresponding
Bayesian nonparametric model which considers independent hazard rates for each source of risk.
Specifically, the hierarchical prior distribution over the vector of random measures in (3.4) is
replaced with the independent prior

µ̃ = (µ̃1, . . . , µ̃D)
i.i.d.∼ CRM(ν),

where µ̃1, . . . , µ̃D are independent completely random measures with homogeneous Lévy intensity
measure ν(ds, dx) = ρ(ds) θ P0(dx). Note that, according to this prior specification, the posterior
estimate of the overall survival function coincides with the product of the potential survival
functions for each event type, in the hypothesis of absence of competing risks, i.e., considering
the occurrences of competing events as censored observations.

Consider a data-generating model involving D = 3 competing and independent sources of
risk; for each event type, the corresponding potential survival times are sampled from a mixture
of a cause-specific distribution and a common distribution, with equal weights. In particular, the
common distribution is itself a mixture of (shifted) Weibull distributions, having density function

f̄(t) = 0.5 Weibull(t; ξ̄1 = 1.2) + 0.5 Weibull(t− 1.0; ξ̄2 = 3.0), t ≥ 0,

where ξ̄1, ξ̄2 are shape parameters, while the cause-specific distributions are specified as Weibull
distributions with shape parameters ξ1 = 1.5, ξ2 = 2.0 and ξ3 = 2.5, respectively. The cause-
specific hazard rates and incidence functions resulting from such data-generating model are
displayed in Figure 3.4: note that the hazard rate functions are essentially increasing, making
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Figure 3.4: Cause-specific hazard rates (left) and incidence functions (right) for the D = 3
competing and independent sources of risks considered in the data-generating model for the
simulation study; the hazard rate functions are basically increasing.

the Dykstra and Laud (1981) kernel an appropriate choice in this scenario. Results presented
in the following are obtained averaging over m = 100 simulated datasets, each consisting of
n = 100 observations, generated according to the potential survival times distributions specified
above. Similarly to the previous illustration, the choice of the data-generating distributions
entails a balanced allocation of the observations to the event types: the average number of
subjects experiencing each competing event is 34.11, 33.21 and 32.68, respectively. Furthermore,
the hyperparameters characterizing the distribution of the random measures, as well as the
non-informative hyperpriors imposed on θ and γ, are specified according to the same values and
distributions proposed in the illustration above.

Table 3.1 summarizes the outcomes of the simulation study, comparing the performances
of the proposed hierarchical model with those of the alternative independent model, according
to both the marginal and conditional sampling strategies; in particular, the average errors in
estimating the cause-specific incidence function and subdistribution for each event type are
displayed for both models and both sampling algorithms. In addition, the average estimation
error for the frequentist Aalen-Johanssen estimator of the subdistribution functions is contained
in the table; finally, estimation errors for the posterior estimates displayed in Figure 3.2 are
also reported, in order to provide a visual reference. The comparison is based on total variation
distances and Kolmogorov distances, which are rescaled according to the true probabilities of
occurrence of each event type. Specifically, consider the measures of error

eTV
d =

1

2πd

∫
R+

|f̂d(t)− fd(t)| dt, eKd =
1

πd
sup
t∈R+

|F̂d(t)− F (t)|, d = 1, . . . , D,

where f̂d and fd are the estimated and true incidence functions, respectively, F̂d and Fd are the
estimated and true subdistribution functions, and πd is the true probability of occurrence, for
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incidence function subdistribution

d = 1 d = 2 d = 3 d = 1 d = 2 d = 3

hierarchical
marginal .0928 .0862 .1006 .1270 .1217 .1327

conditional .0956 .0871 .0994 .1312 .1237 .1321

independent
marginal .1046 .0935 .0998 .1370 .1312 .1369

conditional .1067 .0946 .0992 .1402 .1335 .1373

frequentist .1812 .1978 .2058

Figure 3.2 .0280 .0443 .1199 .0213 .0359 .0886

Table 3.1: Comparison of rescaled total variation distances between estimated and true incidence
functions (first column) and rescaled Kolmogorov distances between estimated and true subdis-
tribution functions (second column) for the hierarchical and independent model, using marginal
and conditional sampling methods; distances are averaged over m = 100 simulated datasets.

each event type d. The aim of rescaling such standard distances is obtaining error measurements
that are comparable for different event types: indeed, rescaled versions of the incidence and
subdistribution functions are, respectively, proper density and distribution functions. The
proposed hierarchical model is shown to quite consistently outperform the alternative independent
model in estimating both incidence functions and subdistributions, using either the marginal
or the conditional approach; in particular, the marginal method performs slightly better than
the conditional method in most scenarios, with some exceptions appearing in the estimation of
functionals of interest for the third source of risk, for which the differences between the hierarchical
and independent models are also less pronounced. Interestingly, the average estimated number
of latent locations shared by the dependent random measures in the hierarchical model is 15.21,
while the alternative model employs an average of 32.16 latent locations among the independent
random measures.

The quantification of the uncertainty around posterior estimates represents another inferential
problem which benefits from information borrowing among hazard rates, as displayed in Table 3.2.
The pointwise credible bands at level 0.90 around the posterior estimates of the survival function,
incidence functions and subdistribution functions are constructed according to both marginal
and conditional methods, and compared between the two alternative models; such comparison is
carried out in terms of the average maximum width of the credible bands, and the proportion of
times in the interval [0, 2] the true functions are actually contained within the bands. Focusing
on the estimation of subdistribution functions, pointwise credible bands constructed through the
conditional algorithm are up to 2.75 times as wide as credible bands constructed through to the
marginal algorithm. Accordingly, the coverage for the conditional method comes close to the
0.90 level, while the corresponding coverage for the marginal method can be as low as 0.40; these
empirical findings support the theoretical evidence that the conditional approach provides a more
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survival function incidence functions subdistributions

bdwdth coverg bdwdth coverg bdwdth coverg

hierarchical
marginal .0925 .6198 .4181 .6840 .0520 .4109

conditional .1469 .8860 .4646 .9012 .1431 .8886

independent
marginal .0832 .5162 .3914 .6072 .0513 .3904

conditional .1430 .7873 .4394 .8472 .1470 .8639

Table 3.2: Comparison of pointwise credible bands at level 0.90 around the posterior estimates of
the survival function (first column), incidence functions (second column) and subdistribution
functions (third column) for the hierarchical and independent model, using both marginal and
conditional sampling methods, in terms of their average maximum width (bdwdth) and average
proportion of times they include the corresponding true function values (coverg); figures are
averaged over m = 100 simulated datasets and D = 3 sources of risks.

reliable quantification of the uncertainty. The differences in bandwidth and coverage between
the different sampling approaches, obtained in estimating the survival function or incidence
functions, are less pronounced. Moreover, pointwise credible bands for the independent model
are consistently narrower, and their coverage definitely poorer, with respect to the hierarchical
model; in particular, the values of coverage obtained via the conditional method approach the
0.90 level only adopting the proposed hierarchical model.

3.8 Applications to clinical datasets

This section contains an application of the proposed modelling approach to two clinical datasets
that are publicly available and have been previously adopted to illustrate statistical techniques
for competing risks data. The first dataset has been extracted from the bone marrow transplant
registry of the European Blood and Marrow Transplant (EBMT) Group, and made available
within the crrSC package of the statistical software R; these data have been used to compare
different modelling approaches for the analysis of clustered competing risks data in Schmitt et al.
(2023). The second dataset was collected by Drzewiecki et al. (1980) at the Odense University
Hospital, Denmark, on patients affected by melanoma, and is available as part of the timereg
package in R; Andersen et al. (1993) illustrate several survival analysis methods on such data,
while Arfé et al. (2019) have recently analyzed them as an application of their modelling approach
to competing risks data.

The analysis of real-world datasets requires the extension of the Bayesian nonparametric model
thoroughly described in this paper, in order to accommodate both right-censored observations
and categorical predictors. As for right-censored data, let the random variable ∆, representing
the event type, assume the additional value 0 to denote a censored observation, that is, ∆i = 0 if
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and only if the survival time Ti is right-censored. The distributional results discussed in Sections
3.3 and 3.5, as well as the sampling algorithms devised in Section 3.6, can be easily adapted to
the presence of right-censored observations once the associated multiplicative intensity likelihood
function considered in (3.6) is replaced by

L(µ̃1, . . . , µ̃D;T ,∆) = exp

{
−

D∑
d=1

n∑
i=1

∫ Ti

0

∫
X
k(s;x) µ̃d(dx) ds

} ∏
i : ∆i ̸=0

∫
X
k(Ti;x) µ̃∆i(dx);

in particular, additional random variables in the sequences X and Z are introduced exclusively for
non-censored observations, which are therefore those accommodated within the latent partition
structure. On the contrary, censored observations contribute to the augmented likelihood only
through the quantity Kn(x;T ); see Lijoi et al. (2014) and the Supplementary Material in
Camerlenghi et al. (2019) for similar derivations.

The inclusion of predictors is based on a Cox regression model (or proportional hazard rates
model), which defines a semiparametric prior on the hazard functions; specifically, cause-specific
hazard rates in (3.1) are extended to

h̃d(t; c) = exp(η · c)
∫
X
k(t;x) µ̃d(dx), d = 1, . . . , D,

where η is the vector of regression coefficients and c is the vector of categorical predictors. The
resulting extension of distributional results and sampling algorithms requires minimal efforts,
namely the redefinition of quantities in (3.8) as

Q(T ,X,C) =
k∏
j=1

∏
{i : Xi=X∗

j }

exp(η ·Ci) k(Ti;X
∗
j ),

Kn(x) = Kn(x;T ,C) =

n∑
i=1

exp(η ·Ci)

∫ Ti

0
k(s;x) ds,

where C = (C1, . . . ,Cn) is the collection of the observed vectors of predictors. The applications
proposed in this section consider a single binary predictor, that is, Ci = Ci ∈ { 0, 1 }, and
therefore involve a single regression coefficient η = η, on which a non-informative centered
Gaussian prior with large variance is specified. Furthermore, when dealing with survival data
from clinical studies, the assumption of increasing hazard rates implied by the Dykstra and
Laud (1981) kernel choice is often quite restrictive and hardly ever reasonable: therefore, the
exponential (Ornstein-Uhlenbeck) kernel specification (see Section 1.2) is considered in the
following applications, and a further non-informative hyperprior is imposed on its rate parameter.

The dataset from the bone marrow transplant registry of the EBMT Group includes data
for 400 patients diagnosed with acute myeloid leukemia, who underwent a bone marrow trans-
plantation in 153 different hospitals. The primary event of interest is the occurrence of either
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Figure 3.5: Leukemia dataset: posterior estimates of the overall survival function (left) and
subdistributions (right) for the primary (GvHD) and competing (death/relapse) event types,
compared with the corresponding frequentist estimates; curves are related to patients who
experienced graft from bone marrow cells.

acute or chronic Graft-versus-Host-Disease (GvHD), while death or relapse without GvHD are
competing events; survival times are expressed in years from the graft. Acute or chronic GvHD is
observed in 194 patients (48.5%), while a competing event occurred for 74 patients (18.5%); the
remaining observations are censored (33.0%). The median follow-up time is 0.50 years, and the
maximum observed follow-up time for the primary event of interest is 7.30 years. The source of
stem cells for transplantation represents the main categorical predictor considered in this study:
graft from bone marrow cells was performed on 222 patients (55.5%), while for the others 178

patients (44.5%) the source of stem cells was peripheral blood. The posterior estimates of the
overall survival function and subdistributions for the primary and competing sources of risk are
displayed in Figure 3.5, for patients who experienced graft from bone marrow cells; pointwise
credible bands at level 0.90 are obtained via the conditional approach, and the corresponding
Kaplan-Meier and Aalen-Johansen frequentist estimators are also shown for comparison. As for
the categorical predictor, the posterior estimate of the regression parameter η is −0.082, with
credible interval at level 0.90 equal to [−0.287, 0.121], suggesting that no significant difference
between sources of stem cells for transplantation can be inferred from the data; these findings
are consistent with the results obtained on a larger dataset from the same source by Zhou et al.
(2012), where an estimate of −0.51 for this regression coefficient (p-value: 0.35), was obtained
using frequentist techniques based on the Fine-Gray proportional hazards model (Fine and Gray,
1999). Finally, the posterior distribution of the exponential kernel rate parameter κ provides
strong evidence against the increasing hazard rate assumption.

The clinical study from the Odense University Hospital involves 205 patients diagnosed with
stage I melanoma, who underwent a surgical excision of the tumor during 1962-1977 period. The
primary event of interest is death due to melanoma, which is observed in 57 patients (27.8%),
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Figure 3.6: Melanoma dataset: posterior estimates of subdistribution functions for the primary
(death due to melanoma) and competing (death from other causes) event types, for female
(left) and male (right) patients, compared with the corresponding Aalen-Johansen estimators
(dash-dotted); pointwise credible bands at level 0.90 are constructed via the conditional method.

Figure 3.7: Melanoma dataset: prediction curves for the primary (death due to melanoma)
and competing (death from other causes) event types, obtained via the marginal method, and
corresponding pointwise credible bands at level 0.90; the vertical black dashed line marks the
largest observed survival time.
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while death from other causes is a competing event, occurred for 14 patients (6.8%); the remaining
observations are censored (65.4%). The median survival time is 5.89 years, and the maximum
observed survival time for the primary event of interest is 9.14 years. The categorical predictor
considered in this application is the gender of the patient: overall, 126 participants in the study
(61.5%) were women and 79 (38.5%) were men. Figure 3.6 displays the posterior estimates of
subdistribution functions for the primary and competing event types, for both female and male
patients, compared with the corresponding Aalen-Johansen estimators; again, pointwise credible
bands at level 0.90 are obtained via the conditional approach. A significant difference is apparent
between male and female patients: indeed, the posterior estimate of their hazard rate ratio exp(η)

is 1.93, with credible interval at level 0.90 equal to [1.26, 2.77], thus confirming such empirical
evidence. Gender-related differences in the outcome for patients diagnosed with melanoma are
well-established in clinical practice (Scoggins et al., 2006), with male patients showing an overall
higher risk. Finally, prediction curves for the primary (death due to melanoma) and competing
(death from other causes) event types are displayed in Figure 3.7; pointwise credible bands at
level 0.90 are constructed via the marginal approach, and a vertical line marking the largest
observed survival time is also displayed for reference.
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Chapter 4

Kernel-weighted random measures and
covariate-dependent partitions

In the Bayesian nonparametric framework, the inclusion of continuous covariates
within a fully nonparametric regression model represents a challenging task, and
existing models in the literature face a trade-off between flexibility in modelling
the latent partition structure, its analytical tractability, and its consistency for new
observations. This chapter introduces a novel class of covariate-dependent random
probability measures, arising from the normalization of suitable random measures,
which account for covariates through a kernel structure: specifically, the jumps of
a common discrete random measure are rescaled via multiplication by a similarity
kernel. A noteworthy example arises when the distribution of such random measure
is a specific transformation of the distribution of a stable process: the resulting
covariate-dependent random probability measure is termed kernel-weighted Pitman-
Yor process. This construction induces a random partition model with dependence on
covariates, which is characterized by great flexibility and inherent consistency for new
observations, while retaining some analytical tractability, thanks to the introduction
of suitable latent variables. The induced partition probability function and the
posterior distribution of the common random measure are derived in closed form,
conditionally on such latent variables, and the predictive scheme for both the new
observations and corresponding latent variables is characterized. This proposal can
be effectively exploited as the building block for the construction of nonparametric
regression models, as well as a clustering or species sampling model which incorporates
information available through different types of covariates.
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4.1 Bayesian nonparametric regression framework

Bayesian nonparametric models often assume some kind of homogeneity among the observations,
motivated by the exchangeability assumption in de Finetti’s representation theorem. In presence
of multiple groups of observations, homogeneity is usually assumed within each group and
modeled through partial exchangeability; this setting can be regarded as a regression model with
a categorical covariate, representing the group, and is extensively discussed in the literature
(Section 2.1). On the other hand, including continuous covariates in a fully nonparametric fashion
turns out to be a more challenging task, and a number of approaches has been proposed, typically
building upon the different constructions of the Dirichlet process (Section 1.3).

The popularity of Bayesian nonparametric regression models has experienced a growing
interest over the last decades, with particular focus on density regression problems, in which
the entire distribution of a univariate response is allowed to change with a set of predictors1; in
other words, the predictors are not assumed to affect some particular functional of the response
distribution, as in parametric regression models, allowing for additional flexibility and showing
improved performances, as for inference and prediction, with respect to classical approaches. The
typical modelling choice consists in defining a collection of random density functions as

f̃(y | x) :=
∫
ϕ(y;x, β) p̃x(dβ), (4.1)

where ϕ is the probability density associated to a parametric regression model and p̃x is a random
probability measure on the space of the regression parameters, depending on the covariate x ∈ X;
within this framework, Bayesian nonparametric contributions are devoted to the specification of
the prior distribution over the uncountable collection of covariate-dependent random probability
measures,

P := { p̃x : x ∈ X } ,

in a way that induces dependence among the elements of the collection. Chung and Dunson
(2011) propose a list of desirable properties for such collection of random measures, which include:
increasing pairwise dependence between random measures as the pairwise distance between the
corresponding covariates decreases, simple and interpretable expressions for the marginal mean
and variance, as well as for the pairwise correlation, and efficient algorithms for posterior inference.
Note that the first requirement implies a topological structure for the space of covariates, which
is usually not needed in presence of categorical covariates, that is, when P is a finite collection:
this aspect is further highlighted in Section 4.2.

A class of popular and convenient proposals stems from the seminal works of MacEachern
(1999, 2000), in which the dependent Dirichlet process was first introduced as a general framework.
Such nonparametric prior builds upon the renowned stick-breaking construction of the Dirichlet

1The terms predictor and covariate are used as synonyms throughout this chapter.
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process (Sethuraman, 1994), by allowing both the random locations and weights to change with
the covariates; specifically, the measure-valued stochastic process P is defined as

p̃x(dβ) =
∑
h≥1

πh(x) δβ∗
h(x)

(dβ), πh(x) = Vh(x)
∏
ℓ<h

(1− Vh(x)), (4.2)

where (Vh)h≥1 and (β∗h)h≥1 are sequences of mutually independent stochastic processes, indexed
by x ∈ X and taking values in the unit interval [0, 1] and in the space of the regression parameters,
respectively. The original definition of the dependent Dirichlet process assumes that, for each
h ≥ 1, the stochastic process Vh has marginal Beta distribution with parameters (1, θ) and β∗h has
marginal distribution P0, so that the stochastic process P is marginally a Dirichlet process with
base probability measure P0 and concentration parameter θ. However, such assumption can be
easily relaxed in different directions; for example, the marginal distributions may belong to the
broader class of stick-breaking priors, introduced by Ishwaran and James (2001), encompassing
both the Dirichlet process and Pitman-Yor process (Section 1.3).

The generality and flexibility of the dependent Dirichlet process construction has paved
the way to a huge number of possible specifications and applications in the literature. The
easiest and most convenient approach consists in considering common and predictor-independent
random weights, introducing dependence only through random locations. This proposal has been
successfully applied to the ANOVA and linear regression frameworks (De Iorio et al., 2004), and
to the modeling of spatial processes (Gelfand et al., 2005) and dynamic phenomena (Rodriguez
and ter Horst, 2008; Ascolani et al., 2021). The assumption on common random weights comes
with simple and efficient algorithms for posterior inference, but results in limited flexibility in
practice, as already noted in MacEachern (2000) and further discussed in Griffin and Steel (2006);
in particular, the random partition of the observations induced by the prior process does not
depend on the covariates, and the model can be regarded itself as a standard Dirichlet process,
whose random locations are stochastic processes. This limitation is successfully overcome by more
general formulations, which allow the weights to vary with the predictors; for example, Griffin
and Steel (2006) propose an order-based dependent Dirichlet process, in which the ordering of the
stick-breaking ratios depends on the covariates. More recent contributions loosen the assumption
on the stochastic process P being marginally a Dirichlet process, in order to further enhance
its flexibility and partially reduce the computational burden. Chung and Dunson (2009) and
Rodriguez and Dunson (2011) define stick-breaking ratios as probit transformations of Gaussian
random variables, so that the dependence on covariates can be dealt with in a more tractable
framework; Rigon and Durante (2021) follow a similar approach, exploiting the logit link function
to relate predictors with stick-breaking ratios. A further proposal which incorporates covariates
into stick-breaking ratios via kernel functions is developed in Dunson and Park (2008), where
the authors introduce kernel stick-breaking processes. The dependent Dirichlet process and its
countless specifications and extensions are extensively reviewed in Quintana et al. (2022), while
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Wade et al. (2023) propose a comprehensive survey on Bayesian dependent mixture models, with
specific focus on their predictive structures.

A typical application of Bayesian nonparametric mixture models in the exchangeable setting
is inference on the latent random partition structure (Müller and Mitra, 2013). Indeed, the
almost-sure discreteness of the mixing random probability measures induces a random partition
of the observations, which remains hidden behind the kernel mixing layer; observations belonging
to the same group can be interpreted as a meaningful homogeneous subpopulation, whose
distribution is usually characterized by a small number of parameters. In the context of Bayesian
nonparametric regression models as (4.1), a latent random partition structure of the observations,
depending on their predictors, is naturally induced whenever the elements in P are discrete
random probability measures; in this setting, observations belonging to the same group are
typically characterized by the same parametric regression model. The dependent Dirichlet process
and related models discussed above stand out as prominent examples, even though they are rarely
employed for inference on the induced random partitions, as noted in Quintana et al. (2022).
Instead, a completely different and somehow orthogonal approach to the study of such latent
random partition structures consists in directly defining their distributions, or equivalently their
predictive urn schemes; the dependence on covariates is typically introduced by means of similarity
functions, which measure the closeness of the predictors associated to observations belonging to
the same group. A prominent example is represented by product partition models with regression
on covariates, developed in Müller and Quintana (2010) and Müller et al. (2011), where product
partition models (Hartigan, 1990; Barry and Hartigan, 1992) are extended to include covariates
into the cohesion functions by multiplication with the similarity function; a similar construction
is proposed in Park and Dunson (2010). The simple marginal and predictive structures, as well
as the inherent computational advantages, represent the main appealing features of this class
of models; indeed, deriving the distribution of the random partition, or the predictive scheme,
induced by a collection P of dependent random probability measures can be difficult, and the
resulting expressions are more involved. Conversely, the characterization of covariate-dependent
random partition models in terms of a directing measure-valued stochastic process P, inspired
by de Finetti’s representation theorem for exchangeable and partially exchangeable data, may
represent an harder, or even impossible, task: in fact, most of such models are not inherently
consistent with respect to the sample size (see Definition 4.3). The desirable consistency property
is typically retrieved by specifying a statistical model for the covariates, that is, considering
joint models for predictors and responses; the induced conditional density approach was first
proposed by Müller et al. (1996) for modelling random mean functions, and lays behind the
covariate-dependent product partition models discussed in Müller and Quintana (2010); Müller
et al. (2011); Park and Dunson (2010). However, the assumption of endogenous predictors is often
motivated by analytical or computational convenience, rather than suitable modeling choices; on
the other hand, considering the predictors as fixed by design, or random but exogenous, is more
appropriate when the focus is on the estimation of conditional densities (Quintana et al., 2022).
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This chapter introduces a novel prior distribution for the collection P of covariate-dependent
random probability measures, arising from the normalization of suitable random measures,
in which dependence from the predictors is incorporated through multiplication by similarity
kernels. An overview on kernel-weighted normalized random measures and their applications
in the Bayesian nonparametric regression framework is presented in Section 4.2; remarkable
special cases, as for analytical tractability, are the kernel-weighted normalized gamma process (or
kernel-weighted Dirichlet process), the kernel-weighted stable process, and the kernel-weighted
Pitman-Yor process, obtained from the former through a suitable change of measure and
representing the main object of interest for this work. The marginal properties of such proposal
are discussed in Section 4.3; in particular, the induced random partition model is carefully
characterized, highlighting the role of the predictors into the partition structure. The posterior
distribution of the stochastic process P is derived in Section 4.4, conditionally on a suitable
sequence of latent variables. Remarkably, a quasi-conjugacy property is shown to hold, provided
the change of measure which defines the prior process is regarded as a special case of a broader
class of possible transformations which introduce non-homogeneity within normalized random
measures; the properties and implications of such non-homogeneous prior processes choice are
discussed in Chapter 5. Finally, Section 4.5 characterizes the predictive mechanism for both the
new observations and corresponding latent variables, shedding light on the way predictors from
previous observations, as well as the new predictors, affect the induced urn sampling scheme.

4.2 Kernel-weighted normalized random measures

In the Bayesian nonparametric regression literature, kernel weighting approaches have been
successfully employed to define mixture models with covariate-dependent random mixing weights;
a prominent example within the dependent Dirichlet process framework is represented by kernel
stick-breaking processes (Dunson and Park, 2008), in which stick-breaking ratios are dampened
by a suitable kernel, accounting for the similarity between the predictor and cluster-specific
random locations. A similar approach underpins the construction of kernel-weighted normalized
random measures.

Consider the complete and separable metric spaces (X,X ) and (B,B), denoting, respectively,
the space of covariates and the space of regression parameters, and let µ̃ be a random measure
on the product space X× B. A kernel-weighted normalized random measure is a measure-valued
stochastic process P := { p̃x : x ∈ X } such that, for each predictor x ∈ X,

p̃x(dβ) :=

∫
X
k(x, ξ) µ̃(dξ, dβ)∫

X×B
k(x, ξ) µ̃(dξ, dw)

, (4.3)

is a random probability measure on the space of regression parameters, where k : X×X 7→ R+ is
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a non-negative and bounded similarity kernel. The usual assumption in Bayesian nonparametrics
is considering almost-surely discrete random measures, so that the random measure µ̃, henceforth
referred to as common random measure, can be represented as

µ̃(dξ, dβ) =
∑
h≥1

Sh δ(ξ∗h,β
∗
h)
(dξ, dβ), (4.4)

where (Sh)h≥1 is a sequence of positive random jumps, while (ξ∗h)h≥1 and (β∗h)h≥1 are sequences
of random locations in X and random parameters in B, respectively; moreover, random locations
and parameters are typically characterized by diffuse probability measures, which implies that
the elements in the sequences (ξ∗h)h≥1 and (β∗h)h≥1 are almost-surely distinct. As a result, the
random probability measure in (4.3) can be represented as the discrete measure

p̃x(dβ) :=
∑
h≥1

πh(x)δβ∗
h
(dβ), πh(x) :=

Sh k(x, ξ
∗
h)∑

ℓ≥1 Sℓ k(x, ξ
∗
ℓ )
, (4.5)

that is, a normalized random measure with kernel-weighted jumps. In other words, for each
predictor x ∈ X, the random jumps of the common random measure µ̃ are rescaled according to
the similarities (measured by a similarity kernel) between the predictor and the corresponding
random locations; these kernel-weighted jumps are then normalized and assigned to corresponding
random parameters. In light of the interpretation of kernel evaluations as measures of similarities,
each random location ξ∗h ∈ X can be regarded as the typical or representative covariate associated
to the regression model with parameters β∗h; indeed, observations whose predictors have larger
similarities with location ξ∗h are more likely to be assigned to the regression model parameterized
by β∗h. On the other hand, the subset of predictors having larger similarities with location ξ∗h
represents the region of X in which the regression model parameterized by β∗h is more appropriate;
see Antoniano-Villalobos et al. (2014) for further comments on this interpretation.

The specification of the similarity kernel is a fundamental modeling aspect. A natural choice
is represented by similarity kernels based on the distance between the predictor and the random
location, whenever the space of covariates is assumed to be a metric space; however, in principle,
every alternative measure of similarity or dissimilarity in more general spaces can be adopted
to define a similarity kernel, as neither symmetry nor triangular inequality are actually needed.
The most common specifications are the rectangular (or box) kernel and the square exponential
(or Gaussian) kernel (Foti and Williamson, 2012), defined respectively as

k(x, ξ) = 1(d(x, ξ) ≤ η), k(x, ξ) = exp
{
−η d(x, ξ)2

}
,

where η > 0 is the kernel parameters and d : X × X 7→ R+ is a distance function. Note that
one may assume, without loss of generality, that kernel functions take values in [0, 1]: indeed,
any multiplicative constant would disappear with the normalization. Moreover, in presence of
multiple types of covariates (e.g. continuous, ordinal, categorical, functional), different kernel
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specifications may be combined.

Bayesian nonparametric regression models based on kernel-weighted normalized random
measures have been already considered in the literature, particularly within the machine learning
community. Rao and Teh (2009) introduce the spatial normalized gamma process and spatial
normalized random measures, in which a subset of the locations and corresponding jumps are
available, for each value of the predictor; their proposal can be regarded as a kernel-weighted
normalized random measure with rectangular kernel and a completely random measure as common
random measure. A similar approach is adopted by Griffin (2011), in which an exponential
kernel is considered; such specification coincides with the normalization of a non-Gaussian
Ornstein–Uhlenbeck processes, as defined by Barndorff-Nielsen and Shephard (2001). These
constructions are extended to arbitrary kernel choices by Foti and Williamson (2012), where the
authors devise a slice sampling algorithm for posterior inference; however, they restrict to a discrete
space of covariates. Antoniano-Villalobos et al. (2014) also allow for general kernel specifications
and consider stick-breaking priors (Ishwaran and James, 2001) as common random measures. A
different approach is proposed by Dunson et al. (2007), where the common random measure is
a finite collection of gamma random jumps located at the observed covariates; however, such
sample-dependent prior specification lacks consistency and desirable marginalization properties,
and is therefore not appealing from the Bayesian perspective (Dunson, 2010; Wade et al., 2023).
Finally, Griffin and Leisen (2018) consider a Bayesian nonparametric regression model in which
the squared distance function in the Gaussian kernel specification is replaced by a stochastic
process. Their construction can be regarded as a more flexible version of a kernel-weighted
normalized random measure: indeed, the random distance function d(x, ξ), parameterized by the
random variable ξ and interpreted as the distance from the representative covariate, is extended to
a nonparametric stochastic process r(x). On the other hand, such enhanced flexibility comes with
less interpretability, as each mixture component cannot be interpreted as a localized parametric
regression models, centered around its representative covariate.

A remarkable feature shared by the contributions considered above is their conditional
approach: indeed, the analytical derivations discussed in these papers, as well as the posterior
sampling algorithms proposed therein, are obtained conditionally on the random jumps and
locations of the common random measure. Specifically, Foti and Williamson (2012) and Antoniano-
Villalobos et al. (2014) design tailored conditional slice sampling algorithms, Griffin and Leisen
(2018) suggest an hybrid marginal-conditional sampler, while Dunson et al. (2007) and Rao and
Teh (2009) reframe their proposals as finite, sample-dependent mixtures of Dirichlet processes
and devise suitable variations of the standard Polya urn scheme, conditionally on the allocations
of the observations to mixture components. On the other hand, there is no systematic analysis of
the marginal properties of the nonparametric regression models they introduce: for example, they
lack any reference to the induced random partition structure, and its dependence on covariates.
The construction proposed in this chapter aims at addressing this issue: indeed, it is characterized
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by great flexibility and inherent consistency, but retains some analytical tractability after the
marginalization of the common random measure (Section 4.3).

Consider a σ-stable completely random measure µ̃σ on the product space X×B, characterized
by the Lévy intensity measure

ν(ds, dξ, dβ) =
σ

Γ(1− σ)
s−1−σdsP0(dξ)Q0(dβ), (4.6)

where σ ∈ [0, 1], while P0 and Q0 are diffuse probability measures on X and B, respectively.
Along the lines of the construction of the Pitman-Yor process as a normalized random measure,
presented in Section 1.3, define the distribution of the common random measure µ̃ as absolutely
continuous with respect to the distribution of µ̃σ, having Radon-Nikodym derivative

dL(µ̃)
dL(µ̃σ)

(m) =
σΓ(θ)

Γ(θ/σ)
m(X× B)−θ, (4.7)

where θ > −σ, as in (1.14). The kernel-weighted normalized random measure having µ̃ as
common random measure is termed kernel-weighted Pitman-Yor process with concentration
parameter θ and discount parameter σ; the rest of the chapter is devoted to the characterization
of its marginal, posterior and predictive properties within the Bayesian nonparametric regression
framework.

4.3 Marginal distribution and partition probability function

Consider a sequence of observed responses Y = (Y1, . . . , Yn) and predictors X = (X1, . . . , Xn),
where Yi ∈ R is a continuous univariate response and Xi ∈ X is the corresponding covariate,
which can potentially be multivariate and include elements of different types; the likelihood
function associated to the nonparametric regression model in (4.1), with the kernel-weighted
normalized random measure in (4.3) as directing random probability measure, is

L(µ̃;Y ,X) =

n∏
i=1

∫
B
ϕ(Yi;Xi, β) p̃Xi(dβ) =

n∏
i=1

∫
X×B

ϕ(Yi;Xi, β) k(Xi, ξ) µ̃(dξ, dβ)∫
X×B

k(Xi, ξ) µ̃(dξ, dβ)

.

The integration at the numerator can be removed by introducing suitable sequences of latent
variables, corresponding to the latent random locations and regression parameters from the
common random measure, as typically proposed in presence of mixture models; refer to Section
2.5 and Section 3.3 for further applications of this approach. Specifically, let ξ = (ξ1, . . . , ξn) be
the latent sequence of locations and β = (β1, . . . , βn) the latent sequence of regression parameters;
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the resulting augmented likelihood is

L(µ̃;Y ,X, ξ,β) =

n∏
i=1

ϕ(Yi;Xi, βi) k(Xi, ξi) µ̃(dξi, dβi)∫
X×B

k(Xi, ξ) µ̃(dξ, dβ)

.

By using a simple analytical manipulation based on the density of an exponential random variable,
which is commonly adopted for normalized random measures (James et al., 2009; Camerlenghi
et al., 2019), the expression above can be rewritten as

L(µ̃;Y ,X, ξ,β)

=
n∏
i=1

ϕ(Yi;Xi, βi) k(Xi, ξi) µ̃(dξi, dβi)

∫
R+

exp

{
−
∫
X×B

ui k(Xi, ξ) µ̃(dξ, dβ)

}
dui,

where u1, . . . , un ≥ 0 are additional integration variables. As a consequence of the almost-sure
discreteness of the common random measure µ̃, as assumed in (4.4), each sequence of latent
variables features ties among its values with positive probability; in particular, the random
locations in ξ and random regression parameters in β both take k distinct values, denoted
respectively by ξ∗1 , . . . , ξ

∗
k and β∗1 , . . . , β

∗
k, with same multiplicities n1 + · · · + nk = n. Indeed,

the latent random partitions of the observations induced by the elements in ξ and β coincide
almost-surely, since they share the same common random measure; therefore, the distinct values
assumed within the two sequences can be ordered so that βi = β∗j if and only if ξi = ξ∗j , for
each i = 1, . . . , n. Therefore, the augmented likelihood function can be expressed by gathering
together the observations belonging to the same group within the partition structure described
above; specifically,

L(µ̃;Y ,X, ξ,β) = R(Y ,X,β)Q(X, ξ)

×
∫
(R+)n

exp

{
−
∫
X×B

(
n∑
i=1

ui k(Xi, ξ)

)
µ̃(dξ, dβ)

}
k∏
j=1

µ̃(dξ∗j , dβ
∗
j )
nj du, (4.8)

where u = (u1, . . . , un) and, in order to deal with a more compact notation, the following
products of kernels have been defined:

R(Y ,X,β) =

k∏
j=1

∏
{i : βi=β∗

j }

ϕ(Yi;Xi, β
∗
j ), Q(X, ξ) =

k∏
j=1

∏
{i : ξi=ξ∗j }

k(Xi, ξ
∗
j ). (4.9)

The expression in (4.8) highlights the different contributions of the observed responses and their
corresponding covariates to the likelihood function. Indeed, while the responses Y enter the
likelihood only through the kernel terms in R(Y ,X,β), the evaluations of the similarity kernel
at the predictors X appear both in the multiplicative quantity Q(X, ξ) and into the exponential
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term; this is a consequence of the normalizing constant for the random probability measures
in P being covariate-dependent, and gives a clue on the crucial role the predictors play in the
partition function (Proposition 4.2).

The joint marginal distribution of the observed responses and latent locations and regression
parameters, given the predictors, is obtained by marginalization of the likelihood function in (4.8)
with respect to the distribution of the common random measure. Note that the conditioning
with respect to the predictors X is a slight abuse of notation, and should not be regarded
as a formal conditioning statement (Müller et al., 2011): indeed, according to the induced
conditional approach, there is no statistical model for the covariates. Henceforth, the dependence
of probabilistic statements on the covariates is often deemed implicit, as it is for the other
model parameters. The rest of this section focuses on the joint marginal distribution for the
kernel-weighted Pitman-Yor process, having common random measure defined in (4.7) through
a transformation of a stable completely random measure; the analytical derivations are based
on the key identity for completely random measures (2.10), extensively discussed in Chapter 2.
Specifically, let ∆n be the n-dimensional unit simplex, that is, the set of (n+ 1)-dimensional
vectors v = (v0, . . . , vn) such that vi ≥ 0 for each i = 0, . . . , n and v0 + · · ·+ vn = 1; moreover,
denote by (a)m the ascending factorial, that is (a)m = Γ(a+m)/Γ(a).

Proposition 4.1. The joint marginal distribution of responses Y , latent locations ξ and latent
regression parameters β for a kernel-weighted Pitman-Yor process is

P(Y , ξ,β |X) = R(Y ,X,β)Q(X, ξ)

∏k−1
ℓ=1 (θ + ℓσ)

(θ + 1)n−1

k∏
j=1

(1− σ)nj−1 P0(dξ
∗
j )Q0(dβ

∗
j )

×
∫
∆n

Hn(v)
−(θ+n)

k∏
j=1

(
Kn(ξ

∗
j ,v)

Hn(v)

)σ−nj Γ(n+ θ)

Γ(θ)
vθ−1
0 dv,

where the following functions are defined, for each v ∈ ∆n:

Kn(ξ,v) = K(ξ,v;X) := v0 +

n∑
i=1

vi k(Xi, ξ), Hn(v) :=

(∫
X
Kn(ξ,v)

σP0(dξ)

)1/σ

.

A remarkable property of the marginal distribution presented above is the possibility to
factorize its expression into the kernel terms R(Y ,X,β) and Q(X, ξ), the marginal distribution
induced by the standard Pitman-Yor process on the product space X× B, that is

∏k−1
ℓ=1 (θ + ℓσ)

(θ + 1)n−1

k∏
j=1

(1− σ)nj−1 P0(dξ
∗
j )Q0(dβ

∗
j ),

and a term depending on both the predictors X and the random locations ξ, which is a mixture
over the Dirichlet distribution on the n-dimensional unit simplex ∆n with parameters (θ, 1, . . . , 1),
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having density function

fθ,1,...,1(v) =
Γ(n+ θ)

Γ(θ)
vθ−1
0 ;

such additional term represents the main difference with respect to the probability distribution of
a standard nonparametric mixture model based on the Pitman-Yor process, which is retrieved by
choosing a constant and unitary kernel specification. Moreover, the joint marginal distributions
for the kernel-weighted Dirichlet process and kernel-weighted σ-stable process can be derived
from the expression in Proposition 4.1 by taking the limits for σ → 0 and θ → 0, respectively;
in particular, the kernel-weighted Dirichlet process represents a noteworthy special case of the
construction discussed in this chapter, and deserves further ad hoc investigations.

Proposition 4.1 is the starting point for the derivation of many interesting properties of
the proposed formulation; among them, the characterization of the latent partition structure
induced by ties in the sequences of locations and regression parameters is particularly relevant.
For this purpose, denote by Π the random partition of the observations induced by ties in the
latent sequence of locations (or regression parameters), encoded into multiplicities (nj)j , and let
A = (A1, . . . , An) be the vector of allocation variables, that is, Ai = j if and only if ξi = ξ∗j , or
equivalently βi = β∗j .

Proposition 4.2. The probability distribution of the random partition Π induced by the kernel-
weighted Pitman-Yor process is

P(Π |X) =

∏k−1
ℓ=1 (θ + hσ)

(θ + 1)n−1

k∏
j=1

(1− σ)nj−1

∫
∆n

Hn(v)
−θ

k∏
j=1

Sj(v) fθ,1,...,1(v) dv,

where, for each v ∈ ∆n and each j = 1, . . . , k,

Sj(v) = Sj(v;X) :=

∫
X

∏
{i : Ai=j}

k(Xi, ξ)

Kn(ξ,v)
Kn(ξ,v)

σ P0(dξ)∫
X
Kn(ξ,v)

σ P0(dξ)

. (4.10)

Remarkably, the expression for the probability distribution of Π can be rearranged as a
mixture, over the Dirichlet distribution, of product partition functions, that is,

P(Π |X) =

∫
∆n

∏k−1
ℓ=1 (θ + ℓσ)

(θ + 1)n−1

k∏
j=1

(1− σ)nj−1 Sj(v)Hn(v)
−θ fθ,1,...,1(v) dv.

Specifically, the structure of such product partition functions, namely

∏k−1
ℓ=1 (θ + ℓσ)

(θ + 1)n−1

k∏
j=1

(1− σ)nj−1 Sj(v), v ∈ ∆n,
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resembles the characterization of PPMx models proposed in Müller and Quintana (2010) and
Müller et al. (2011): indeed, for each group j = 1, . . . , k of the partition, the quantity (1−σ)nj−1

plays the role of the cohesion function in the exchangeable setting (Hartigan, 1990), while
the quantity Sj(v) can be regarded as the similarity function of Müller and Quintana (2010).
Moreover, the quantities in (4.10) can be rewritten as

Sj(v) = Sj(v;X) :=

∫
X

∏
{i : Ai=j}

k(Xi, ξ)

Kn(ξ,v)
g(ξ;v) dξ, j = 1, . . . , k,

where g(ξ;v) ∝ Kn(ξ,v)
σP0(dξ) is a density function; this expression parallels the structure of

the similarity function proposed for PPMx models, with the ratio k(·, ξ)/Kn(ξ,v) acting as the
auxiliary probabilistic model for the covariates, and g(ξ;v) representing the density function
for the latent location ξ. However, differently from the PPMx construction, these quantities
depend on the entire sequence of covariates X through the function Kn(ξ,v), which is the convex
combination of the similarities between the predictors and the latent location ξ, with proportions
given by v. Therefore, each ratio k(Xi, ξ)/Kn(ξ,v) can be considered a relative measure of
similarity, as it compares the absolute similarity between the covariate Xi and the latent location
ξ with the average similarity Kn(ξ,v) recorded by the covariates in X; moreover, the distribution
of the latent location ξ is a transformation of its prior distribution P0, which takes into account
where predictors in X are located.

The results discussed in this section may suggest that, in order to define a covariate-dependent
product partition model which is inherently consistent with respect to the sample size, the
similarity function should also depend on (some function of) the entire sequence of covariates,
rather than just on the group-specific predictors. For the purpose of clarifying this fundamental
and desirable property of Bayesian nonparametric regression models, a possible definition of
consistency is presented.

Definition 4.3. Let Πn be a partition of the first n observations, and denote by kn the number
of partition groups; a sequence P1(Π1),P2(Π2), . . . of partition functions, that is, of probability
distributions on the space of partitions, is consistent (with respect to the sample size) if, for
every n ≥ 1,

Pn(Πn) =
kn+1∑

An+1=1

Pn+1(Πn+1), n ≥ 1, (4.11)

where An+1 denotes the group, within the partition Πn+1, to which observation n+1 is allocated.

In the context of partition models with dependence on predictors, the consistency condition
defined above is required to hold for every possible value of the predictor Xn+1 associated to the
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(n+ 1)-th observation, that is

Pn(Πn |X) =

kn+1∑
An+1=1

Pn+1(Πn+1 | Xn+1,X), ∀Xn+1 ∈ X,

where X denotes the predictors vectors associated to the previous n observations. Such re-
quirement is satisfied by construction whenever the sequence of partition functions is obtained
through the marginalization of a covariate-dependent random probability measure: therefore,
the partition function described in Proposition 4.2 is inherently consistent. Remarkably, the
verification of condition (4.11) starting from the explicit expression of the partition function
is not straightforward. On the other hand, such consistency condition usually fails to hold for
models specified through their predictive distributions, as already discussed in Section 4.1; in
fact, consistency is typically retrieved by specifying a statistical model for the covariates, which
amounts to relaxing the consistency condition in (4.11) to

Pn(Πn |X) =

kn+1∑
An+1=1

∫
X
Pn+1(Πn+1 | x,X) q(x|X) dx,

where q(x|X) denotes the predictive distribution for the auxiliary covariates model. The relaxed
condition above is explicitly stated as a desirable coherence property in Müller et al. (2011), where
it is shown to hold for the PPMx models; Park and Dunson (2010) also refer to such relaxed
formulation. In conclusion, the relationships between covariate-dependent partition models
enjoying convenient analytical structures (such as a product form) and consistency conditions
with respect to the sample size deserve further investigations.

4.4 Latent variables and posterior characterization

The expression for joint marginal distribution in Proposition 4.1 involves an integral with respect
to the integration variables v = (v0, . . . , vn) on the n-dimensional unit simplex, which suggests
the introduction of a further vector of auxiliary latent variables V = (V0, . . . , Vn); indeed, the
result in Proposition 4.1 can be obtained by marginalizing, with respect to the additional latent
variables V , the augmented joint marginal distribution

P(Y , ξ,β,V |X) = R(Y ,X,β)Q(X, ξ)

∏k−1
ℓ=1 (θ + ℓσ)

(θ + 1)n−1
Hn(V )−(θ+n)

×
k∏
j=1

(1− σ)nj−1

(
Kn(ξ

∗
j ,V )

Hn(V )

)σ−nj

P0(dξ
∗
j )Q0(dβ

∗
j ) fθ,1,...,1(V ) dV .

As discussed in the previous section, the latent variables V can be interpreted as the proportions
in the convex combination of similarities between predictors and each latent location, which
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enters the marginal distribution through functions Kn and Hn; in other words, each variable Vi
measures the relative influence of predictor Xi into the learning mechanism.

This augmented latent space is essential for the derivation of the posterior distribution of the
common random measure µ̃, which is characterized conditionally on the latent random locations,
the corresponding regression parameters, and the additional latent variables introduced above.
Specifically, let V = (V0, . . . , Vn) be a vector of latent variables on the n-dimensional unit simplex,
having density function, given random locations ξ, proportional to

fV (v | ξ) ∝ Hn(v)
−(θ+n)

k∏
j=1

(
Kn(ξ

∗
j ,v)

Hn(v)

)σ−nj

fθ,1,...,1(v), (4.12)

where fθ,1,...,1(v) is the density function of the Dirichlet distribution with parameters (θ, 1, . . . , 1).
Moreover, let T be an auxiliary random variable such that T σ, given the number of groups k
of the random partition induced by ξ, has gamma distribution with shape parameter k + θ/σ

and unit rate, that is, the random variable T has generalized gamma distribution with density
function

fT (t | ξ) =
σ

Γ(k + θ/σ)
tkσ+θ−1e−t

σ
.

Proposition 4.4. The posterior distribution of the common random measure µ̃ for the kernel-
weighted Pitman-Yor process, given the latent locations ξ and regression parameters β, and the
latent variables V and T , coincides with the distribution of the random measure

µ̃(dξ, dβ) | ξ,β,V , T ∼ µ̃∗(dξ, dβ) +

k∑
j=1

Wj δ(ξ∗j ,β∗
j )
(dξ, dβ),

where the random elements in the sum are mutually independent, µ̃∗ is a generalized gamma
completely random measure, having non-homogeneous Lévy intensity

ν∗(ds, dξ, dβ) =
σ

Γ(1− σ)
s−1−σ exp

{
−Kn(ξ,V )

Hn(V )
T s

}
dsP0(dξ)Q0(dβ),

and each Wj is a non-negative random variable having gamma distribution

Wj ∼ Gamma
(
nj − σ,

Kn(ξ
∗
j ,V )

Hn(V )
T

)
.

The posterior characterization presented above highlights the role of the covariates within
the learning mechanism. Indeed, the common random measure a posteriori is a nonhomogeneous
random measure, that is, its random jumps depend on its (fixed or random) locations; such
dependence is induced by function Kn(ξ,v), which is a convex combination of predictors’
similarities with the location ξ. Intuitively, the quantity Kn(ξ,v) carries the information about
the structure of the space of covariates induced by the predictors, suggesting that a careful choice
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of the most suitable similarity function should be considered.

The auxiliary random variable T is introduced in order to derive a conditional posterior
characterization of the common random measure µ̃ as a completely random measure (Section
1.1), obtained as the sum of a generalized gamma completely random measure and a finite
sequence of random jumps at fixed locations. However, the distribution of the continuous
component µ̃∗ of the posterior can be characterized unconditionally with respect to T , leading
to a interesting quasi-conjugacy result; to this end, consider the σ-stable completely random
measure µ̃σ characterized by the Lévy intensity measure in (4.6).

Proposition 4.5. The distribution of the random measure µ̃∗ introduced in Proposition 4.4, given
the locations ξ, the regression parameters β and the latent variables V , is absolutely continuous
with respect to the distribution of µ̃σ, with Radon-Nikodym derivative

dL(µ̃∗)
dL(µ̃σ)

(m) =
σΓ(kσ + θ)

Γ(k + θ/σ)

(∫
X×B

Kn(ξ,V )

Hn(V )
m(dξ, dβ)

)−(kσ+θ)

.

The concept of quasi-conjugacy is introduced by Lijoi et al. (2008) to describe a characterizing
property of the Pitman-Yor process within the class of Gibbs-type priors: conditionally on the
observed distinct values and multiplicities, the distribution of the process generating the new
distinct values belongs to the same class of the prior distribution, with updated parameters. As
for the kernel-weighted Pitman-Yor process considered in this chapter, the prior distribution of
the common random measure µ̃ is defined by the change of measure in (4.7),

dL(µ̃)
dL(µ̃σ)

(m) =
σΓ(θ)

Γ(θ/σ)

(∫
X×B

m(dξ, dβ)

)−θ
,

while the distribution of the process generating the new distinct values, namely the random
measure µ̃∗, is characterized in Proposition 4.5, conditionally on the latent variables V , as

dL(µ̃∗)
dL(µ̃σ)

(m) =
σΓ(kσ + θ)

Γ(k + θ/σ)

(∫
X×B

Kn(ξ,V )

Hn(V )
m(dξ, dβ)

)−(kσ+θ)

,

where µ̃σ is a σ-stable completely random measure. In light of the clear analogies between
these expressions, consider the class of random measures on the product space X × B whose
probability distribution is absolutely continuous with respect to the random measure µ̃σ, with
Radon-Nikodym derivative

σΓ(η)

Γ(η/σ)

(∫
X×B

G(ξ) µ̃σ(dξ, dβ)

)−η
,

where η > −σ and G : X 7→ R+ is a non-negative and bounded measurable function. The
kernel-weighted Pitman-Yor process can be regarded as a conditionally quasi-conjugate prior
distribution, since the random measures µ̃ and µ̃∗ both belong to the class described above; in
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particular, the random measure µ̃ is characterized by parameters η = θ and G(ξ) = 1, while
the random measure µ̃∗ is retrieved for η = kσ + θ and G(ξ) ∝ Kn(ξ,V ). Random measures
belonging to this novel class are extensively analyzed in Chapter 5, where they are normalized
and considered as random probability measures within the exchangeable framework; the reader
is referred there for further details.

4.5 Predictive distribution

Prediction is often deemed as the ultimate goal of the Bayesian paradigm, especially within the
Bayesian nonparametric approach: this section is devoted to the characterization of the predictive
structure and properties for the kernel-weighted Pitman-Yor process introduced in the previous
sections. For this purpose, consider a sequence of m additional responses Y + = (Yn+1, . . . , Yn+m)

and corresponding predictors X+ = (Xn+1, . . . , Xn+m), where Yi ∈ R is a continuous univariate
response and Xi ∈ X a potentially multivariate predictor; moreover, let ξ+ = (ξn+1, . . . , ξn+m)

be the latent sequence of locations and β+ = (βn+1, . . . , βn+m) the latent sequence of regression
parameters. The joint predictive distribution of interest is

P(Y +, ξ+,β+ | ξ,β,V ),

where V is the vector of auxiliary latent variables introduced in Section 4.4. Note that, as already
discussed, the dependence on the covariates is considered implicit, as there is no statistical model
specified on them.

Along the same lines as Section 4.3, the almost-sure discreteness of the common random
measure µ̃ induces ties both within the sequences of additional latent locations and regression
parameter and with values contained into the previous latent sequences. Specifically, the
random locations in ξ+ and random regression parameters in β+ both take h additional distinct
values, denoted respectively by ξ∗k+1, . . . , ξ

∗
k+h and β∗k+1, . . . , β

∗
k+h, besides possibly taking some

of the previous distinct values ξ∗1 , . . . , ξ∗k and β∗1 , . . . , β
∗
k, respectively; the previous values are

taken with multiplicities m1, . . . ,mk ≥ 0, while the new values are taken with multiplicities
mk+1, . . . ,mk+h ≥ 1, such that m1 + · · · + mk+h = m. Similarly, the random partitions of
the additional observations induced by the elements in ξ+ and β+ coincide almost-surely, and
therefore the additional distinct values can be ordered so that βi = β∗j if and only if ξi = ξ∗j , for
each i = n+ 1, . . . , n+m. Finally, define the products of kernels

R(Y +,β+) =

k+h∏
j=1

∏
{i>n : βi=β∗

j }

ϕ(Yi;Xi, β
∗
j ), Q(X+, ξ+) =

k+h∏
j=1

∏
{i>n : ξi=ξ∗j }

k(Xi, ξ
∗
j ).

Proposition 4.6. The joint predictive distribution for the additional responses Y +, and corre-
sponding latent locations ξ+ and regression parameters β+, given the previous latent locations ξ,
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regression parameters β and latent variables V , is

P(Y +, ξ+,β+ | ξ,β,V ) = R(Y +,β+)Q(X+, ξ+)Hn(V )θ+n
k∏
j=1

(
Kn(ξ

∗
j ,V )

Hn(V )

)nj−σ

×
∏h−1
ℓ=0 (θ + kσ + ℓσ)

(θ + n)m

k∏
j=1

(nj − σ)mj

k+h∏
j=k+1

(1− σ)mj−1 P0(dξ
∗
j )Q0(dβ

∗
j )

×
∫
∆m

H+
m(w;V )−(θ+n+m)

k∏
j=1

(
K+
m(ξ

∗
j ,w;V )

H+
m(w;V )

)σ−nj−mj

×
k+h∏
j=k+1

(
K+
m(ξ

∗
j ,w;V )

H+
m(w;V )

)σ−mj

fθ+n,1,...,1(w) dw,

where, for each w ∈ ∆m,

K+
m(ξ,w;v) = K+

m(ξ,w;v,X+) := w0Kn(ξ,v) +
m∑
i=1

wi k(Xn+i, ξ),

H+
m(w;v) =

(∫
X
K+
m(ξ,w;v)σP0(dξ)

)1/σ

.

This result can be derived adopting two alternative approaches: (i) a marginal strategy, which
computes the predictive distribution as the ratio between the joint marginal distribution of the
entire sequence of n+m observations and the joint marginal distribution of the first n observations;
(ii) a conditional strategy, which marginalizes the augmented likelihood of the additional m
observations with respect to the posterior distribution of the common random measure, given
the previous n observations. As a consequence of the principled Bayesian standpoint considered
in this chapter, both approaches lead to the same conclusion; proofs of Proposition 4.6 using
both the marginal and conditional strategies can be found in Appendix A.3.

In analogy with the marginal distribution presented in Proposition 4.1, the expression above
can be factorized into the kernel terms R(Y +,β+) and Q(X+, ξ+), the predictive distribution
induced by the standard Pitman-Yor process on the product space X × B, conditionally on
hypothetical observations (ξ,β), that is

∏h−1
ℓ=0 (θ + kσ + ℓσ)

(θ + n)m

k∏
j=1

(nj − σ)mj

k+h∏
j=k+1

(1− σ)mj−1 P0(dξ
∗
j )Q0(dβ

∗
j ),

and a term depending on both the predictors X+ and the random locations ξ+, as well as on
the previous predictors X and locations ξ, which is a mixture over the Dirichlet distribution on
the m-dimensional unit simplex ∆m with parameters (θ + n, 1, . . . , 1). Note that the predictive
distribution depends on the observations only through their latent locations ξ, regression param-
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eters β and the corresponding covariates X, while the observed responses Y do not have a direct
effect on the predictive mechanism; this is customary to mixture models, in which observations
are conditionally independent given their allocation within the latent partition structure.

A relevant role in the Bayesian paradigm is played by the one-step-ahead predictive distribu-
tion, that is, the predictive distribution for the next observation, which is obtained restricting
Proposition 4.6 to the case m = 1.

Corollary 4.7. The joint predictive distribution for the additional response Yn+1, and corre-
sponding latent location ξn+1 and regression parameter βn+1, given the previous latent locations
ξ, regression parameters β and latent variables V , is proportional to

P(Yn+1 ∈ dy, ξn+1 ∈ dξ, βn+1 ∈ dβ | ξ,β,V ) ∝ ϕ(y;Xn+1, β) dy k(Xn+1, ξ)

×
∫ 1

0

θ + kσ

θ + n

H+
1 (w;V )1−σ

K+
1 (ξ, w;V )1−σ

P0(dξ)Q0(dβ) +

k∑
j=1

nj − σ
θ + n

H+
1 (w;V )

K+
1 (ξ∗j , w;V )

δ(ξ∗j ,β∗
j )
(dξ, dβ)


×H+

1 (w;V )−(θ+n+1)
k∏
j=1

(
K+(ξ∗j , w;V )

H+
1 (w;V )

)σ−nj

f1,θ+n(w) dw,

where f1,θ+n(w) is the density function of a Beta distribution with parameters 1 and θ + n and,
for each w ∈ [0, 1],

K+
1 (ξ, w;V ) = w k(Xn+1, ξ) + (1− w)Kn(ξ,V ),

H+
1 (w;V ) =

(∫
X
K+

1 (ξ, w;V )σP0(dξ)

)1/σ

.

As already noted for the marginal distribution, the integration with respect to the variable
w ∈ [0, 1] in the expression above suggests the introduction of a further latent variable Wn+1;
this additional variable can be itself interpreted as the relative influence of the new predictor
Xn+1 into the learning mechanism, as highlighted by the expression of function K+

1 . The
joint predictive distribution in Corollary 4.7 can be decomposed into a sequence of consecutive
predictive distributions: this decomposition is actually the starting point for the construction of
a marginal sampling algorithm (see Section 4.6)

The first and definitely more involved predictive distribution concerns the additional latent
variable Wn+1, which has density function, given the previous locations ξ and latent variables V ,
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proportional toθ + kσ

θ + n

∫
X

k(Xn+1, ξ)

K+
1 (ξ, w;v)

(
K+

1 (ξ, w;v)

H+
1 (w;v)

)σ
P0(dξ) +

k∑
j=1

nj − σ
θ + n

k(Xn+1, ξ
∗
j )

K+
1 (ξ∗j , w;v)


×H+

1 (w;v)−(θ+n)
k∏
j=1

(
K+

1 (ξ∗j , w;v)

H+
1 (w;v)

)σ−nj

f1,θ+n(w). (4.13)

A convenient approximation of this intractable density function is obtained for large sample size,
thanks to the following result; the proof presented in Appendix A.3 is an informal sketch, but the
statement is expected to be formally true under mild assumptions on the sequence of predictors.

Lemma 4.8. The predictive distribution of the latent variable Wn+1, given the previous locations
ξ and latent variables V , is such that, for n→∞, k∑

j=1

nj
n

k(Xn+1, ξ
∗
j )

Kn(ξ∗j ,V )

nWn+1
d→ Exp(1),

where convergence in distribution holds almost surely with respect to both the prior distribution P
for the latent locations ξ and the conditional distribution of the latent variables V .

The very first consequence of this Lemma is that the random variable Wn+1 decreases to zero
as 1/n for increasing sample size: this analytical result is actually consistent with the fundamental
Bayesian assumption that the order in which observations are recorded should not impact the
learning mechanism. Moreover, from the computational point of view, when the sample size n
is large, an approximate sample of the latent variable Wn+1 can be obtained dividing by n a
sample from the exponential distribution with rate parameter

k∑
j=1

nj
n

k(Xn+1, ξ
∗
j )

Kn(ξ∗j ,V )
.

This quantity is essentially the expectation, with respect to the empirical measure induced by
latent locations ξ, of the function ξ 7→ k(Xn+1, ξ)/Kn(ξ,V ), which can be regarded as a relative
measure of similarity for the new predictor Xn+1, as remarked in Section 4.3; intuitively, the
less similar is the new covariate to the previous locations, compared to the other covariates, the
larger the corresponding latent variable Wn+1 is in expectation, and thus the larger the influence
of the new observation in the learning mechanism.

Conditionally on the latent variable Wn+1, the predictive distribution for the new latent
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location ξn+1 can be framed as an urn sampling scheme:

P(ξn+1 ∈ dξ | ξ,V ,Wn+1 = w)

∝ θ + kσ

θ + n

k(Xn+1, ξ)

K+
1 (ξ, w;V )

(
K+

1 (ξ, w;V )

H+
1 (w;V )

)σ
P0(dξ) +

k∑
j=1

nj − σ
θ + n

k(Xn+1, ξ
∗
j )

K+
1 (ξ∗j , w;V )

δξ∗j (dξ). (4.14)

This expression is a generalization of the predictive urn scheme for the standard Pitman-Yor
process,

P(ξn+1 ∈ dξ | ξ) =
θ + kσ

θ + n
P0(dξ) +

k∑
j=1

nj − σ
θ + n

δξ∗j (dξ), (4.15)

where the probabilities for the new location ξn+1 to take either a new value or a value already
taken by the previous locations ξ are rescaled according to a specific function of the new predictor.
Specifically, such probabilities coincide with the allocation probabilities of a standard Pitman-
Yor process on X with base probability measure G(ξ) ∝ K+

1 (ξ, w;V )σ P0(dξ), rescaled by the
relative similarity between the predictor Xn+1 and location ξ, measured by the usual function
ξ 7→ k(Xn+1, ξ)/K

+
1 (ξ, w;V ), which plays here the same role of a probability kernel in standard

Bayesian nonparametric mixture models for exchangeable continuous observations.

A further interesting aspect of the predictive scheme discussed in this section is the updating
mechanism for the function Kn(ξ,v) measuring the weighted average similarity between location
ξ and covariates in X. The updated function after step n+ 1, incorporating the information
from the additional predictor Xn+1, is

ξ 7→ K+
1 (ξ, w;v) = w k(Xn+1, ξ) + (1− w)Kn(ξ,v)

= w k(Xn+1, ξ) + (1− w) v0 +
n∑
i=1

(1− w) vi k(Xi, ξ);

in other words, the updated function is a convex combination of the function at step n and the
similarity for the new predictor, which is included with random weight Wn+1. Therefore, in
the practical implementation of the algorithm, the vector of latent variables V at step n+ 1 is
obtained from the same vector at step n and the freshly sampled latent variable Wn+1 as

Vn+1 ←Wn+1, Vi ← (1−Wn+1)Vi, i = 0, . . . , n.

The remaining predictive distributions are straightforward, once the new observation is assigned
to a mixture component by the urn scheme in (4.14). Specifically, if the new observation is
assigned to a new group, its regression parameters βn+1 are sampled from their base probability
distribution Q0; on the other hand, if ξn+1 = ξ∗j for some j = 1, . . . , k, that is, the new observation
is assigned to group j, then βn+1 = β∗j . In both cases, the predictive distribution for the new
continuous response Yn+1 is characterized by the probability density ϕ(·;Xn+1, βn+1).
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4.6 Future developments

The marginal distribution derived in Proposition 4.1, the posterior characterization in Proposition
4.4 and the one-step-ahead predictive mechanism described in Section 4.5 provide the necessary
analytical background for the development of a marginal Gibbs sampling scheme. The main
computational challenge is represented by the posterior sampling of the vector of latent variables
V from the density function in (4.12), as well as the sampling of the new latent variable Wn+1

from the density in (4.13); in particular, the adoption of the approximation derived in Lemma
4.8 should be further investigated from the theoretical and algorithmic point of view, in order to
carefully assess the induced approximation error.

Furthermore, a conditional slice sampling algorithm, inspired by the slice sampler proposed
in Foti and Williamson (2012) for kernel-weighted normalized completely random measures, can
be devised and implemented; remarkably, such sampling algorithm may benefit from the choice
of a non-constant slicing threshold, which is expected to enhance the stability of the sampling
scheme. In this regard, the evaluation of the Laplace transform term, which appears in the target
distribution of most slice samplers, may pose some computational challenges. An interesting and
convenient approach to such task is proposed by Griffin and Leisen (2018), where the authors
suggest replacing the Laplace transform with an unbiased estimator; in particular, they resort
to the Poisson estimator, which has been successfully adopted in the context of probabilistic
inference for diffusion processes (Papaspiliopoulos, 2011).

As for the applications within the Bayesian nonparametric regression framework, the proposed
kernel-weighted Pitman-Yor process can be compared with alternative models from the vast
literature on the topic, extensively reviewed in Section 4.1; in particular, a thorough comparison
in terms of modeling flexibility and predictive performances should be draw with respect to
other kernel-based specifications, such as the kernel stick-breaking process (Dunson and Park,
2008). However, no remarkable differences are expected, as the constructions are based on similar
approaches. Another interesting but less considered application is posterior inference on the
induced random partition structure, as discussed in Section 4.1 and Quintana et al. (2022);
indeed, the posterior characterization of the observations as samples from a mixture of local
parametric regression models is itself appealing. On the other hand, relevant contributions may
arise from the application of the kernel-weighted Pitman-Yor to species sampling problems in
presence of spatial covariates; within this setting, the proposed formulation can be compared
with existing partition models, such as the PPMx model (Müller and Quintana, 2010; Müller
et al., 2011), which however suffer from inconsistency with respect to the sample size.

A simple exploratory illustration concludes this chapter, with the aim of providing a pre-
liminary overview on the predictive properties of the proposed formulation. For this purpose,
consider a sequence of n observations, and assume their latent partition structure is available,
together with the corresponding predictors; in other words, for each observation i = 1, . . . , n,
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Figure 4.1: Predictive distributions for the allocation of an additional observation, as a function
of its predictor, for a dataset of n = 20 observations partitioned in k = 4 groups; observed
predictors and group labels (colors) are also reported on the horizontal axis.

the univariate continuous predictor Xi ∈ R and the allocation variable Ai ∈ { 1, . . . , k }, that is,
the group label, are observed, while the distinct locations ξ∗1 , . . . , ξ∗k and the auxiliary variables
V are latent. The present illustration focuses on the predictive distribution for the allocation
variable An+1 of an additional observation, as a function of the corresponding predictor Xn+1,
namely on the functions

x 7→ P(An+1 ≤ j | A,X, Xn+1 = x), j = 1, . . . , k + 1,

where An+1 = k + 1 denotes the allocation of the additional observation to a new group. These
probabilities can be computed as in (4.14), upon marginalization of the latent distinct locations
and auxiliary variables, which is performed resorting to a marginal Gibbs sampling algorithm.
For illustration purposes, consider a Gaussian kernel k(x, ξ) = exp

{
−0.5 d(x, ξ)2

}
, and set the

hyperparameters characterizing the commom random measure at values θ = 3.0 and σ = 0.5,
while P0 is a Gaussian random variable with large variance, corresponding to a non-informative
specification. Moreover, the number of observed groups is set to k = 4 and predictors are sampled
from a mixture of Gaussian distributions. Results for a simulated dataset consisting of n = 20

observations are displayed in Figure 4.1, where the observed predictors, and corresponding group
labels (colors) are also reported. The kernel-weighting approach has a considerable impact on
the predictive probability distributions, which are highly influenced by the specific value of the
predictor; for reference, the probabilities of allocation to the four observed groups for a standard
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Pitman-Yor process are 0.295, 0.159, 0.068 and 0.295, respectively, while the probability of
allocation to a new group is 0.183.
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Chapter 5

Nonhomogeneous Pitman-Yor process

The kernel-weighted Pitman-Yor process introduced in Chapter 4 features a remark-
able quasi-conjugacy property with respect to a novel class of nonhomogeneous
random measures, the distributions of which are obtained as transformations of
the distribution of a stable completely random measure. The random probability
measures defined by normalizing such random measures are named nonhomogeneous
Pitman-Yor processes, as they include the standard Pitman-Yor process as a special
case. This chapter provides an extension of some well-established properties of the
Pitman-Yor process as nonparametric prior for exchangeable observations; specifically,
the prior-posterior updating mechanism of the proposed construction, as well as its
predictive structure, are characterized, thanks to the introduction of an additional
latent variable.

5.1 Construction of nonhomogeneous processes

Bayesian nonparametric mixture models for density estimation exploit discrete random probability
measures as mixing measures; such nonparametric priors can be often defined via normalization of
suitable random measures, as discussed in Section 1.2. Indeed, the renowned Dirichlet and Pitman-
Yor processes may be both characterized as normalized homogeneous random measures (Section
1.3). More generally, random probability measures obtained by normalizing homogeneous random
measures are considered in applications because of their analytical tractability; furthermore, the
prior-posterior updating mechanism preserves their homogeneity (James et al., 2009). On the other
hand, nonhomogeneous random measures are widely exploited in the Bayesian nonparametric
modelling of survival data, while their normalization is discouraged by the intractability of
most quantities of interest. This section introduces a novel nonhomogeneous random probability
measure arising from the normalization of a nonhomogeneous random measure.

Consider a σ-stable completely random measure µ̃σ on the complete and separable metric
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space X, characterized by the Lévy intensity measure

ν(ds, dx) =
σ

Γ(1− σ)
s−1−σ dsP0(dx),

where σ ∈ (0, 1) and P0 is a diffuse probability measure on X. Along the lines of the discussion
in Section 4.4, a random measure µ̃ can be defined through a change of measure with respect to
µ̃σ: specifically, the probability distribution of µ̃ is absolutely continuous with respect to the
random measure µ̃σ, with Radon-Nikodym derivative

dL(µ̃)
dL(µ̃σ)

(m) =
σΓ(θ)

Γ(θ/σ)

(∫
X
G(x)m(dx)

)−θ
, (5.1)

where θ > 0 and G : X 7→ R+ is a non-negative and bounded measurable function. Note that, in
order for (5.1) to be a change of measure between probability distributions, the function G(·)
should satisfy the condition

E

[
σΓ(θ)

Γ(θ/σ)

(∫
X
G(x)µ̃σ(dx)

)−θ
]
= 1;

this amounts to the non-negative measure Q0(dx) = G(x)σP0(dx) being a probability measure,
or, equivalently, ∫

X
G(x)σP0(dx) = 1. (5.2)

The normalization of µ̃ leads to a novel nonhomogeneous random probability measure.

Definition 5.1. The nonhomogeneous Pitman-Yor process is the random probability measure p̃
on X obtained from the normalization of the random measure µ̃ defined in (5.1),

p̃(dx) =
µ̃(dx)

µ̃(X)
,

and denoted by p̃ ∼ PY(σ, θ, P0;G), where σ is the discount parameter, θ is the concentration
parameter, P0 is the base probability measure and G(·) is termed nonhomogeneity function.

The proposed terminology stems from the trivial observation that standard (homogeneous)
Pitman-Yor process si retrieved by choosing the constant function G(x) = 1, as the expression for
the change of measure in (5.1) boils down to (1.14). In fact, the nonhomogeneity of the process
is introduced through the function G, as apparent from the expression of the change of measure
in (5.1). More specifically, (5.1) can be regarded as a change of measure with respect to the
distribution of the random measure

µ̃σ,G(A) :=

∫
A
G(x) µ̃σ(dx), ∀A ∈ X , (5.3)
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which is a nonhomogeneous completely random measure; indeed, its definition follows (1.8),
and µ̃σ,G can thus be termed nonhomogeneous σ-stable process. Remarkably, condition (5.2) on
function G implies that the distribution of the total mass of µ̃σ is preserved by the change of
measure (5.3); indeed, its Laplace transform

E
[
e−λµ̃σ,G(X)

]
= E

[
exp

{
−λ
∫
X
G(x) µ̃σ(dx)

}]
= exp

{
−λσ

∫
X
G(x)σ P0(dx)

}
= e−λ

σ
,

for λ ≥ 0, coincides with the Laplace transform of a stable distribution with parameter σ. As a
result, the construction of the random measure µ̃ starting from a σ-stable process µ̃σ may be split
into a sequence of two steps: (i) define the nonhomogeneous σ-stable process µ̃σ,G as in (5.3); (ii)
apply the usual change of measure for the construction of the Pitman-Yor process, namely

dL(µ̃)
dL(µ̃σ,G)

(m) =
σΓ(θ)

Γ(θ/σ)
m(X)−θ. (1.14)

This sequential construction of the Pitman-Yor process suggests that a general procedure for
the definition of nonhomogeneous nonparametric priors may consists in applying the same
transformations, such as normalizations or changes of measure, considered for the homogeneous
process to its nonhomogeneous version, obtained as in (1.8) and (5.3). Note that some conditions
are typically required on the function introducing the nonhomogeneity: in particular, the
distributional properties of the functionals of interest for the subsequent transformations should
be preserved. A first example of such procedure may be the definition of a nonhomogeneous
Dirichlet process, which is obtained via normalization of the extended gamma process (1.9).
As a matter of fact, this process arises as a special case of the nonhomogeneous Pitman-Yor
process in the limit for σ → 0, just like the standard Dirichlet process is a special case of
the standard Pitman-Yor process. The approach briefly outlined above may be of interest in
Bayesian nonparametric methodological research, and deserves further investigations. Finally, a
similar procedure may be applied to define a multivariate vector of dependent nonhomogeneous
Pitman-Yor process, following the approach proposed in Zhu and Leisen (2015).

The rest of the chapter is devoted to the characterization of the main properties of this novel
nonhomogeneous process when employed as nonparametric prior for a sequence of exchangeable
observations; in particular, connections with well-known properties of the standard Pitman-Yor
process are highlighted, as well as some similarities with the results described in Chapter 4 for
the kernel-weighted Pitman-Yor process.
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5.2 Marginal distribution and partition function

Consider a sequence of exchangeable observations X = (X1, . . . , Xn) taking values in the space
X, and assume the following Bayesian nonparametric model:

X1, . . . , Xn | p̃
i.i.d.∼ p̃,

p̃ ∼ PY(θ, σ, P0;G).
(5.4)

The almost-sure discreteness of the random measure p̃ implies that the sequence of observations
displays ties with positive probability; specifically, denote by X∗

1 , . . . , X
∗
k the k distinct values

taken by the observations X1, . . . , Xn, with multiplicities n1 + · · · + nk = n. The likelihood
function associated to the model in (5.4) is expressed as

L(µ̃;X) =
n∏
i=1

p̃(dXi) = µ̃(X)−n
n∏
i=1

µ̃(dXi) = µ̃(X)−n
k∏
j=1

µ̃(dX∗
j )
nj .

The marginal distribution of the observations is obtained by marginalizing the likelihood function
above with respect to the distribution of the nonhomogeneous Pitman-Yor process; for this
purpose, define the functions G0(x) = G(x)− 1 and, for v ∈ [0, 1],

H(v) :=

(∫
X
(1 + v G0(x))

σP0(dx)

)1/σ

. (5.5)

Proposition 5.2. The marginal distribution of the observations X from a nonhomogeneous
Pitman-Yor process is

P(X) =

∏k−1
ℓ=1 (θ + ℓσ)

(θ + 1)n−1

k∏
j=1

(1− σ)nj−1 P0(dX
∗
j )

×
∫ 1

0
H(v)−(θ+n)

k∏
j=1

(
1 + v G0(X

∗
j )

H(v)

)σ−nj Γ(n+ θ)

Γ(n) Γ(θ)
vθ−1 (1− v)n−1 dv.

Similarly to the marginal distribution in Proposition 4.1, the expression above factorizes into
the product of the marginal distribution induced by the homogeneous Pitman-Yor process,

∏k−1
ℓ=1 (θ + ℓσ)

(θ + 1)n−1

k∏
j=1

(1− σ)nj−1 P0(dX
∗
j ),

and a term involving evaluations of the nonhomogeneity function G (specifically, G0) at the
observed distinct values X∗

1 , . . . , X
∗
k ; more precisely, this latter term can be regarded as an

expectation with respect to the Beta distribution with parameters θ and n, henceforth denoted
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by fθ,n(v), of the function in product form

v ∈ [0, 1] 7→ H(v)−(θ+n)
k∏
j=1

(
1 + v G0(X

∗
j )

H(v)

)σ−nj

Remarkably, the function above equals 1 for every v ∈ [0, 1] in case G(x) = 1, that is G0(x) = 0,
for every x ∈ X, so that the marginal distribution for the homogeneous Pitman-Yor process is
correctly retrieved.

As anticipated in Section 5.1, a nonhomogeneous version of the Dirichlet process may be
defined by normalizing an extended gamma process. The following result establishes a connection
between normalized extended gamma processes, as considered in James et al. (2009), and the
proposed nonhomogeneous Pitman-Yor process: specifically, the marginal distribution for a
normalized extended gamma process can be retrieved from the expression of the marginal
distribution in Proposition 5.2 in the limit for σ → 0.

Corollary 5.3. In the limit for σ → 0, the marginal distribution of the observations X is

P(X) =
Γ(θ)

Γ(n+ θ)

k∏
j=1

Γ(nj) θP0(dX
∗
j )

×
∫ 1

0
exp

{
−
∫
X
log(1 + v G0(x)) θP0(dx)

} k∏
j=1

(1 + v G0(X
∗
j ))

−nj fθ,n(v) dv,

which coincides with the marginal distribution induced by a normalized extended gamma CRM,
characterized by the Lévy intensity

ν(ds, dx) = θ s−1e−G(x) s dsP0(dx).

As expected, the expression above factorizes into the product of the marginal distribution
induced by the Dirichlet process, and a term involving evaluations of the function G0 at the
observations, which is again an expectation with respect to the Beta distribution with parameters
θ and n. Moreover, the marginal distribution in Corollary 5.3 can be rewritten, thanks to the
change of variable v 7→ u = (1− v)/v, as

1

Γ(n)

∫ ∞

0
un−1 exp

{
−
∫
X
log(u+G(x)) θP0(dx)

} k∏
j=1

Γ(nj)

(u+G(X∗
j ))

nj
θP0(dX

∗
j ) du;

this is precisely the form proposed by James et al. (2009) for the marginal distribution of a
normalized extended gamma CRM.

A fundamental aspect of Bayesian nonparametric priors is the characterization of the partition
structures they induce on the observations, possibly at the latent level; to this end, denote by Π
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the random partition of the observations induced by the nonparametric prior. For each n ≥ 1, the
distribution of Π, that is, the probability distribution on the space of partitions of n observations,
is known as exchangeable partition probability function (EPPF), and can be obtained from the
marginal distribution of the observations upon marginalization of their distinct values; moreover,
as a consequence of the exchangeability assumption on the sequence of observations, its expression
depends only on the number of partition groups k and their multiplicities n1 + · · ·+ nk = n.

Proposition 5.4. The exchangeable partition probability function for the partition Π induced by
ties in the sequence of observations X from a nonhomogeneous Pitman-Yor process is

EPPF(n1, . . . , nk) =
∏k−1
ℓ=1 (θ + ℓσ)

(θ + 1)n−1

k∏
j=1

(1− σ)nj−1

∫ 1

0
H(v)−θ

k∏
j=1

S(v;nj) fθ,n(v) dv,

where the following function is defined, for each v ∈ [0, 1]:

S(v;m) :=

∫
X
(1 + v G0(x))

σ−mP0(dx)∫
X
(1 + v G0(x))

σP0(dx)

.

An interesting property of the EPPF introduced above is the possibility to regard its expression
as a mixture, over the Beta distribution, of exchangeable partition functions in product form

EPPF(n1, . . . , nk) =
∫ 1

0

∏k−1
ℓ=1 (θ + ℓσ)

(θ + 1)n−1

k∏
j=1

(1− σ)nj−1 S(v;nj)H(v)−θ fθ,n(v) dv.

Furthermore, the structure of such partition functions resembles the typical form of Gibbs-type
priors (Gnedin and Pitman, 2006), to which a weighting function S is applied; similar structures
also appear in Proposition 4.2 for the kernel-weighted Pitman-Yor process, and may be of interest
by themselves.

Besides altering the distribution of the induced random partition, with respect to its homo-
geneous counterpart, another remarkable consequence of the nonhomogeneity function is the
modification of the marginal probability distribution for a single observation; specifically, from
Proposition 5.2,

P (Xi ∈ dx) =
∫ 1

0
H(v)−(θ+1)

(
1 + v G0(x)

H(v)

)σ−1

fθ,1(v) dv P0(dx).

This probability distribution is absolutely continuous with respect to the base probability measure
P0, which in turn coincides with the marginal distribution of observations from the corresponding
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Figure 5.1: Radon-Nikodym derivative functions in (5.6) for the two specifications of the
nonhomogeneity function G in (5.7), and different values of the parameter θ; the parameter
σ = 0.5 is fixed.

homogeneous Pitman-Yor process: the Radon-Nikodym derivative

P (Xi ∈ dx)
P0(dx)

=

∫ 1

0
H(v)−(θ+1)

(
1 + v G0(x)

H(v)

)σ−1

fθ,1(v) dv (5.6)

represents a useful quantity to investigate the role of the nonhomogeneity function in the proposed
model. In particular, its maximum coincides with the minimum of function G, and viceversa, that
is, it is more likely for an observation to be in a region in which G takes lower values, compared
to the homogeneous Pitman-Yor process; moreover, the impact on the marginal distribution
increases with θ.

The possibility to compute the values of the Radon-Nikodym derivative in closed form is
unfortunately precluded by the intractable form of the integrand function, and specifications of
the function G leading to simple examples are not available at the moment; however, the integral
in (5.6) can be evaluated numerically for arbitrary specifications of the function G. For simplicity,
let the base probability measure P0 be the uniform distribution over [−1, 1], and consider

G1(x) = κ1(2 + x), G2(x) = κ2 exp(x
2), (5.7)

where κi > 0 is the appropriate constant such that,∫
X
Gi(x)

σP0(dx) =
1

2

∫ 1

−1
Gi(x)

σdx = 1.

Numerical evaluations of the integral in (5.6) for such choices of function G and different values
of the concentration parameter θ are displayed in Figure 5.1, confirming the analytical evidence:
indeed, observations are more likely to be in regions corresponding to lower values of function G,
and the effect increases with θ.
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5.3 Latent variable and posterior distribution

A standard approach to the analysis of statistical models in presence of mixture terms is
regarding the mixing parameter as an auxiliary latent variable. As for the marginal distribution
in Proposition 5.2, the integration in v can be considered a marginalization with respect to a
latent variable Vn, supported on the unit interval, so that the augmented marginal distribution is

P(X, Vn ∈ dv) =
∏k−1
ℓ=1 (θ + ℓσ)

(θ + 1)n−1

k∏
j=1

(1− σ)nj−1 P0(dX
∗
j )

×H(v)−(θ+n)
k∏
j=1

(
1 + v G0(X

∗
j )

H(v)

)σ−nj

fθ,n(v) dv.

In this setting, the latent variable Vn admits the interpretation as relative weight given to
the nonhomogeneity function G within the learning mechanism; indeed, function G enters
the marginal distribution through the quantity (1 + VnG0(x)). As a further insight on this
interpretation, note that, for every x ∈ X,

lim
Vn→1

(1 + VnG0(x)) = G(x), lim
Vn→0

(1 + VnG0(x)) = 1,

with the former situation entailing maximal nonhomogeneity effect, and the latter corresponding
to the homogeneous case.

The augmentation introduced above is fundamental for the characterization of the posterior
distribution of the nonhomogeneous Pitman-Yor process; a similar circumstance appears in
Section 4.4 for the posterior characterization of the kernel-weighted Pitman-Yor process, and in
the posterior analysis of normalized CRMs in James et al. (2009). For this purpose, consider the
latent variable Vn on the unit interval [0, 1] having density function, given the observations X,
proportional to

f(v;X) ∝ H(v)−(θ+n)
k∏
j=1

(
1 + v G0(X

∗
j )

H(v)

)σ−nj

fθ,n(v); (5.8)

where fθ,n(v) is the density function of the Beta distribution with parameters θ and n. Moreover,
let T be an auxiliary random variable which, given the number k of observed distinct values, has
generalized gamma distribution with density function

fT (t | k) =
σ

Γ(k + θ/σ)
tkσ+θ−1 e−t

σ
.

Proposition 5.5. The posterior distribution of the random measure µ̃, given the observations
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X and the latent variables Vn and T , coincides with the distribution of the random measure

µ̃(dx) |X, Vn, T ∼ µ̃∗(dx) +
k∑
j=1

Wj δX∗
j
(dx),

where the random elements in the sum are mutually independent, µ̃∗ is a generalized gamma
completely random measure, with Lévy intensity measure

ν∗(ds, dx) =
σ

Γ(1− σ)
s−1−σ exp

{
−1 + VnG0(x)

H(Vn)
T s

}
dsP0(dx),

and each Wj is a non-negative random variables having gamma distribution

Wj ∼ Gamma
(
nj − σ,

1 + VnG0(X
∗
j )

H(Vn)
T

)
.

Therefore, the posterior distribution of µ̃ is a mixture of completely random measures, with
latent variables Vn and T playing the role of mixing parameters; moreover, the nonhomogeneity a
priori is preserved a posteriori, as highlighted by the expression of the Lévy intensity characterizing
µ̃∗, as well as the dependence of jumps W1, . . . ,Wk from their locations X∗

1 , . . . , X
∗
k .

A fundamental characterizing property of the standard Pitman-Yor process within the class of
Gibbs-type priors is its quasi-conjugacy (Lijoi et al., 2008); see also Section 1.3 and Section 4.4 for
further details and references on this concept. Remarkably, a form of conditional quasi-conjugacy
is retained by the nonhomogeneous version of the Pitman-Yor process introduced in this chapter.

Proposition 5.6. The distribution of the random measure µ̃∗ in Proposition 5.5, given the
number k of observed distinct values and the latent variable Vn, is absolutely continuous with
respect to the distribution of a σ-stable completely random measure µ̃σ, with Radon-Nikodym
derivative

dL(µ̃∗)
dL(µ̃σ)

(m) =
σ Γ(θ + kσ)

Γ(θ/σ + k)

(∫
X

1 + VnG0(x)

H(Vn)
m(dx)

)−(θ+kσ)

The result presented above can be equivalently formulated, in terms of quasi-conjugacy, as
follows: The nonhomogeneous Pitman-Yor process is conditionally quasi-conjugate, given the
latent variable Vn. In particular, the process generating new distinct values is the nonhomogeneous
Pitman-Yor process

p̃∗(dx) =
µ̃∗(dx)

µ̃∗(X)
∼ PY(σ, θ∗, P0;G

∗(· ;Vn)),

where the base probability measure P0 and discount parameters σ coincide with the prior process,
while the concentration parameter and nonhomogeneity function are updated as

θ∗ = θ + kσ, G∗(x;Vn) =
1 + VnG0(x)

H(Vn)
.
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5.4 Predictive distribution

A further appealing property of the Pitman-Yor process is represented by its simple one-step
predictive distribution:

P(Xn+1 ∈ dx |X) =
θ + kσ

θ + n
P0(dx) +

k∑
j=1

nj − σ
θ + n

δX∗
j
(dx). (4.15)

Similarly to the other marginal properties described in Section 5.2, such predictive structure
is equally made more involved by the introduction of nonhomogeneity in the prior process. In
order to described it, consider a sequence of m additional observations X+ = (Xn+1, . . . , Xn+m)

taking values in X, and assume they take h additional distinct values, besides possibly taking
some of the previous distinct values; specifically, the previous values are taken with multiplic-
ities m1, . . . ,mk ≥ 0, while the additional values, denoted by X∗

k+1, . . . , X
∗
k+h, are taken with

multiplicities mk+1, . . . ,mk+h ≥ 1, such that m1 + · · ·+mk+h = m.

Proposition 5.7. The predictive distribution for the new observations X+, given the previous
observations X and the latent variable Vn, is

P(X+ |X, Vn = v) =

∏h−1
ℓ=0 (θ + kσ + ℓσ)

(θ + n)m

k∏
j=1

(nj − σ)mj

k+h∏
j=k+1

(1− σ)mj−1 P0(dX
∗
j )

×H(v)θ+n
k∏
j=1

(
1 + v G0(X

∗
j )

H(v)

)nj−σ ∫ 1

0
H(wv)−(θ+n+m)

k∏
j=1

(
1 + wvG0(X

∗
j )

H(wv)

)σ−nj−mj

×
k+h∏
j=k+1

(
1 + wvG0(X

∗
j )

H(wv)

)σ−mj

fn+θ,m(w) dw.

In the expression above, the m-step predictive distribution for the homogeneous Pitman-Yor
process, that is

∏h−1
ℓ=0 (θ + kσ + ℓσ)

(θ + n)m

k∏
j=1

(nj − σ)mj

k+h∏
j=k+1

(1− σ)mj−1 P0(dX
∗
j ),

can be recognized as a factor in the first line; this result closely parallels the predictive distribution
for the kernel-weighted Pitman-Yor process in Proposition 4.6.

More interesting insights on the predictive structure can be gathered by inspecting the
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one-step predictive distribution for an additional observation Xn+1, which is proportional to

P(Xn+1 ∈ dx |X, Vn = v)

∝
∫ 1

0

θ + kσ

n+ θ

(
H(wv)

1 + wvG0(x)

)1−σ
P0(dx) +

k∑
j=1

nj − σ
n+ θ

H(wv)

1 + wvG0(X∗
j )
δX∗

j
(dx)


×H(wv)−(θ+n+1)

k∏
j=1

(
1 + wvG0(X

∗
j )

H(wv)

)σ−nj

fθ+n,1(w) dw.

In view of the construction of sampling algorithms based on urn schemes, it is convenient to
regard the integration with respect to w as a marginalization with respect to a further auxiliary
latent variables Wn+1 on the unit interval, and consider the sequential decomposition of the
augmented predictive distribution

P(Xn+1 ∈ dx,Wn+1 ∈ dw |X, Vn = v)

= P(Wn+1 ∈ dw |X, Vn = v)× P(Xn+1 ∈ dx |X, Vn = v,Wn+1 = w)

In particular, the predictive distribution for the new observation Xn+1, given the additional
latent Wn+1, is proportional to

P(Xn+1 ∈ dx |X, Vn = v,Wn+1 = w)

∝ θ + kσ

θ + n

H(wv)

1 + wvG0(x)

(
1 + wvG0(x)

H(wv)

)σ
P0(dx) +

k∑
j=1

nj − σ
θ + n

H(wv)

1 + wvG0(X∗
j )
δX∗

j
(dx),

which indeed represents a generalization of the predictive urn scheme (4.15) for the standard
Pitman-Yor process.

5.5 Future developments

This chapter introduces a novel nonparametric prior process for Bayesian inference on exchangeable
observations, which represents a nonhomogeneous version of the standard Pitman-Yor process
(Perman et al., 1992; Pitman and Yor, 1997); see Section 1.3 for further references. The
nonhomogeneity is modeled through a non-negative function G, satisfying the integrability
condition (5.2), with the constant choice G(x) = 1 corresponding to the homogeneous Pitman-
Yor process. The rest of the chapter proposes a preliminary overview on the main properties of
such prior. Specifically, the marginal distribution and exchangeable partition probability function
induced by the nonhomogeneous Pitman-Yor process are characterized in Section 5.2, where
some insights on the role played by different choices of function G are explored. Moreover, its
posterior distribution is explicitly characterized in Section 5.3, and a conditional quasi-conjugacy
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Figure 5.2: Trajectories from the homogeneous (left) and nonhomogeneous Pitman-Yor process
(right), with G(x) ∝ exp(8|x|1.5); the discount and concentration parameters are set to σ = 0.5
and θ = 5.0, while the base measure is uniform on [−1, 1].

property is shown to hold, given the additional latent variable Vn, supported on the unit interval.
Finally, the predictive distribution is derived in Section 5.4, where a possible marginal sampling
algorithm inspired by the classical urn schemes is sketched.

Nevertheless, some aspects require further investigations in order to provide a comprehensive
understanding of the proposed process. A first glance at the impact of the nonhomogeneity
function specification on the marginal distribution of each observation is provided in Figure
5.1. However, the probability of co-clustering for two or more observations is also modified by
the function G; therefore, a deeper understanding of its implications should be sought. In this
respect, the lack of simple and analytically tractable examples is currently a major drawback of
this formulation, as most quantities of interest should rely on numerical integration.

As for the algorithmic developments, a first challenge is represented by the sampling of the
latent variable Vn from the intractable density (5.8); drawing inspiration from the result in
Lemma 4.8, a useful approximation for the distribution of the rescaled variable nVn can be
obtained for n→∞, but its theoretical validity should be further assessed. Likewise, a viable
algorithmic procedure for sampling the additional latent variable Wn+1 should be devised and
implemented. Moreover, theoretical investigations regarding the asymptotic properties of the
nonhomogeneous Pitman-Yor process, such as the asymptotic distribution of the number of
clusters, both a priori and conditionally on the first n observations, should be considered; in
particular, the techniques developed in the inspiring book by Pitman (2006) for the standard
Pitman-Yor process should be applicable directly to its nonhomogeneous version.

In conclusion, a preliminary comparison between the homogeneous and nonhomogeneous
Pitman-Yor processes is proposed, in order to further highlight some of the main differences
discussed in this chapter. In the following, let the base probability measure P0 be the uniform
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distribution over [−1, 1], and consider the nonhomogeneity function

G(x) = κσ e
8|x|1.5 ,

where κσ > 0 is the appropriate normalizing constant such that condition (5.2) is satisfied;
moreover, fix the discount and concentration parameters at σ = 0.5 and θ = 5.0, respectively.
Figure 5.2 compares the trajectories of the homogeneous Pitman-Yor process with the trajec-
tories of the nonhomogeneous process, having the nonhomogeneity function G defined above.
As extensively discussed in Section 5.2, the nonhomogeneity function impacts the marginal
distribution of the process: in particular, observations are more likely to occur in regions where
G takes lower values. This modification of the marginal distribution is a direct consequence of
the nonhomogeneity of the process, that is, of the dependence between the locations and jumps
of the random probability measure. Indeed, the sequence of random locations are sampled from
the base measure P0 for both the homogeneous and nonhomogeneous Pitman-Yor processes, as
displayed in Figure 5.3 (top). On the other hand, conditionally on the jumps size, the random
jumps of the nonhomogeneous process are not uniformly distributed over [−1, 1], with largest
jumps located in regions where G takes lower values, and thus altering the marginal distribution
accordingly. Such phenomenon can be observed in Figure 5.3 (bottom), where the empirical
distribution functions of the locations corresponding to the largest jumps are reported in both
scenarios: indeed, the overlapping with the marginal distribution is evident.
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Figure 5.3: (top) empirical distribution functions of sequences of random locations (distinct
values) sampled from the homogeneous (left) and nonhomogeneous (right) Pitman-Yor processes;
(bottom) empirical distribution functions of the locations of the largest 3 jumps over 100
trajectories of the homogeneous (left) and nonhomogeneous (right) Pitman-Yor processes.
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Proofs

A.1 Proofs of Chapter 2

Proof of the identity (2.9) This proof is based on the characterization of completely random
measures through their Laplace functional transform, and does not require any further knowledge
on calculus with Poisson point processes; however, additional assumptions on the function f

(namely, continuity) are needed in order to conclude the argument. An alternative proof which
does not require continuity can be derived using the tools described in James (2005).

Consider ε > 0 taking a sufficiently small value, such that the ε-balls Bε(x∗1), . . . , Bε(x∗k)
are pairwise disjoint, and define the complementary subset X∗ = X \

(
∪kj=1Bε(x

∗
j )
)
. By the

independence of the evaluations of a completely random measure on pairwise disjoint sets,

E

exp{−∫
X
f(x)µ̃(dx)

} k∏
j=1

µ̃(Bε(x
∗
j ))

nj


= E

[
exp

{
−
∫
X∗
f(x)µ̃(dx)

}] k∏
j=1

E

[
exp

{
−
∫
Bε(x∗j )

f(x)µ̃(dx)

}
µ̃(Bε(x

∗
j ))

nj

]
.

The first factor coincides with the Laplace functional transform of the random measure µ̃

computed at function f(x)(x ∈ X∗), therefore

E
[
exp

{
−
∫
X∗
f(x)µ̃(dx)

}]
= exp

{
−
∫
X∗

(
1− e−f(x) s

)
ρ(ds)α(dx)

}
= exp

{
−
∫
X∗
ψ(f(x))α(dx)

}
;
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in the limit for ε→ 0, by monotone convergence theorem,

lim
ε→0

E
[
exp

{
−
∫
X∗
f(x)µ̃(dx)

}]
= lim

ε→0
exp

{
−
∫
X∗
ψ(f(x))α(dx)

}
= exp

{
−
∫
X
ψ(f(x))α(dx)

}
.

On the other hand, for each j = 1, . . . , k, by monotone convergence theorem,

E

[
exp

{
−
∫
Bε(x∗j )

f(x)µ̃(dx)

}
µ̃(Bε(x

∗
j ))

nj

]

= lim
u→0

E

[
exp

{
−
∫
Bε(x∗j )

(f(x) + u)µ̃(dx)

}
µ̃(Bε(x

∗
j ))

nj

]

= lim
u→0

E

[
exp

{
−
∫
Bε(x∗j )

f(x)µ̃(dx)− u µ̃(Bε(x∗j ))

}
µ̃(Bε(x

∗
j ))

nj

]
.

Given that, for nj ≥ 0,

dnj

dunj
exp

{
−u µ̃(Bε(x∗j ))

}
= (−1)nj µ̃(Bε(x

∗
j ))

nj exp
{
−u µ̃(Bε(x∗j ))

}
,

the expression above becomes

= (−1)nj lim
u→0

E

[
dnj

dunj
exp

{
−
∫
Bε(x∗j )

f(x)µ̃(dx)− u µ̃(Bε(x∗j ))

}]

= (−1)nj lim
u→0

dnj

dunj
E

[
exp

{
−
∫
Bε(x∗j )

(f(x) + u)µ̃(dx)

}]
.

Again, the expectation coincides with the Laplace functional transform of the random measure µ̃
computed at function (f(x) + u)(x ∈ Bε(x∗j )), hence

= (−1)nj lim
u→0

dnj

dunj
exp

{
−
∫
Bε(x∗j )

ψ(f(x) + u)α(dx)

}
.

Since α is assumed to be finite and diffuse, the measure of the ε-ball Bε(x∗j ) vanishes for ε→ 0,
and the expression above is rewritten as

= (−1)nj+1 lim
u→0

∫
Bε(x∗j )

dnj

dunj
ψ(f(x)+u)α(dx) exp

{
−
∫
Bε(x∗j )

ψ(f(x) + u)α(dx)

}
+ o

(
α(Bε(x

∗
j ))
)
.
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By definition of Laplace exponent of µ̃, its derivatives coincide with the cumulants of µ̃, that is

dm

dum
ψ(u) =

dm

dum

∫
R+

(
1− e−us

)
ρ(ds) =

∫
R+

dm

dum
(
1− e−us

)
ρ(ds)

= (−1)m+1

∫
R+

sme−us ρ(ds) = (−1)m+1 τ(m;u);

therefore, the quantity above becomes

= lim
u→0

∫
Bε(x∗j )

τ(nj ; f(x) + u)α(dx) exp

{
−
∫
Bε(x∗j )

ψ(f(x) + u)α(dx)

}
+ o

(
α(Bε(x

∗
j ))
)

=

∫
Bε(x∗j )

τ(nj ; f(x))α(dx) exp

{
−
∫
Bε(x∗j )

ψ(f(x))α(dx)

}
+ o

(
α(Bε(x

∗
j ))
)
.

In conclusion, taking the limit for ε→ 0, by monotone convergence theorem,

lim
ε→0

1

α(Bε(x∗j ))
E

[
exp

{
−
∫
Bε(x∗j )

f(x)µ̃(dx)

}
µ̃(Bε(x

∗
j ))

nj

]

= lim
ε→0

1

α(Bε(x∗j ))

∫
Bε(x∗j )

τ(nj ; f(x))α(dx) exp

{
−
∫
Bε(x∗j )

ψ(f(x))α(dx)

}

= lim
ε→0

1

α(Bε(x∗j ))

∫
Bε(x∗j )

τ(nj ; f(x))α(dx) = τ(nj ; f(x
∗
j ));

the last equality holds by a continuity argument if the non-negative measurable function f is
further assumed to be continuous.

A.2 Proofs of Chapter 3

The proofs presented in this section rely on the key identity for completely random measures
(2.10), introduced and discussed in Section 2.4 and briefly restated hereunder. Consider a
homogeneous completely random measure µ̃ with Lévy intensity measure ν(ds, dx) = ρ(ds)α(dx),
where α is a finite diffuse measure on X; for any non-negative measurable function f : X 7→ R+,
and distinct values x∗1, . . . , x∗k ∈ X, with multiplicities n1, . . . , nk ≥ 1,

E

exp{−∫
X
f(x) µ̃(dx)

} k∏
j=1

µ̃(dx∗j )
nj


= exp

{
−
∫
X
ψ(f(x))α(dx)

} k∏
j=1

τ(nj ; f(x
∗
j ))α(dx

∗
j ),

where ψ and τ are the Laplace exponent and cumulants of random measure µ̃, as defined in (2.7).
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Proof of Proposition 3.1 Consider the augmented likelihood function in (3.7),

L(µ̃e1, . . . , µ̃eD;T ,∆,X,Z)

= Q(T ,X) exp

{
−

D∑
d=1

∫
[0,1]×X

Kn(x) µ̃
e
d(dz, dx)

}
D∏
d=1

k∏
j=1

rdj∏
h=1

µ̃ed(dZ
∗
djh, dX

∗
j )
qdjh ,

where the quantities Q(T ,X) and Kn(x) are defined as in (3.8). Conditionally on the random
measure µ̃0 at the root of the hierarchical prior Q, the extended random measures µ̃e1, . . . , µ̃ed are
independent completely random measures on [0, 1]× X, characterized by the homogeneous Lévy
intensity

ν̃e(ds, dz, dx) = ρ(ds)H(dz) µ̃0(dx).

The conditional expectation of the augmented likelihood, given the random measure µ̃0, is

E [L(µ̃e1, . . . , µ̃eD;T ,∆,X,Z) | µ̃0]

= Q(T ,X)E

exp{− D∑
d=1

∫
[0,1]×X

Kn(x) µ̃
e
d(dz, dx)

}
D∏
d=1

k∏
j=1

rdj∏
h=1

µ̃ed(dZ
∗
djh, dX

∗
j )
qdjh

∣∣∣ µ̃0
 ;

by conditional independence of the extended random measures µ̃e1, . . . , µ̃ed,

= Q(T ,X)
D∏
d=1

E

exp{−∫
[0,1]×X

Kn(x) µ̃
e
d(dz, dx)

}
k∏
j=1

rdj∏
h=1

µ̃ed(dZ
∗
djh, dX

∗
j )
qdjh

∣∣∣ µ̃0
 ,

and exploiting the identity in (2.10) with α(dz, dx) = H(dz) µ̃0(dx) and f(z, x) = Kn(x) one has

= Q(T ,X)

D∏
d=1

exp

{
−
∫
X
ψ(Kn(x)) µ̃0(dx)

} k∏
j=1

rdj∏
h=1

τ(qdjh;Kn(X
∗
j ))H(dZ∗

djh) µ̃0(dX
∗
j )

= Q(T ,X) exp

{
−
∫
X
Dψ(Kn(x)) µ̃0(dx)

} k∏
j=1

µ̃0(dX
∗
j )
rj

D∏
d=1

rdj∏
h=1

τ(qdjh;Kn(X
∗
j ))H(dZ∗

djh).

The random measure µ̃0 at the root of the hierarchical prior is itself a completely random measure
with homogeneous Lévy intensity ν0(ds, dx) = ρ0(ds) θP0(dx). Therefore, the joint marginal
distribution of observations (T ,∆) and latent variables (X,Z), that is, the expectation of the
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augmented likelihood, is

P(T ,∆,X,Z) = E [L(µ̃e1, . . . , µ̃eD;T ,∆,X,Z)] = E [E [L(µ̃e1, . . . , µ̃eD;T ,∆,X,Z) | µ̃0] ]

= Q(T ,X)E

exp{−∫
X
Dψ(Kn(x)) µ̃0(dx)

} k∏
j=1

µ̃0(dX
∗
j )
rj


×

k∏
j=1

D∏
d=1

rdj∏
h=1

τ(qdjh;Kn(X
∗
j ))H(dZ∗

djh);

exploiting again the identity in (2.10) with α(dx) = θP0(dx) and f(x) = Dψ(Kn(x)) one
concludes that

= Q(T ,X) exp

{
−
∫
X
ψ0

(
Dψ(Kn(x))

)
θP0(dx)

} k∏
j=1

τ0
(
rj ;Dψ(Kn(X

∗
j ))
)
θP0(dX

∗
j )

×
k∏
j=1

D∏
d=1

rdj∏
h=1

τ(qdjh;Kn(X
∗
j ))H(dZ∗

djh).

Proof of equations (3.12) and (3.13) and Proposition 3.3 The joint predictive distribution
for the additional observations (Tn+1,∆n+1) and the corresponding latent location Xn+1 and
latent mark Zn+1 is obtained from the joint marginal distribution in Proposition 3.1,

P(Tn+1,∆n+1, Xn+1, Zn+1 | T ,∆,X,Z) =
P(Tn+1,∆n+1, Xn+1, Zn+1,T ,∆,X,Z)

P(T ,∆,X,Z)
.

where the numerator is the joint marginal distribution for n+ 1 observations and corresponding
latent variables. The specific form of this quantity depends on the allocation of the additional
observation within the latent partition structure, that is, on the specific values assumed by the
latent variables Xn+1 and Zn+1. Three alternative cases can be identified:

(1) both the latent location Xn+1 and latent mark Zn+1 display ties with values in X∗ and
Z∗, respectively, say Xn+1 = X∗

j and Zn+1 = Z∗
djh, where necessarily ∆n+1 = d;

(2) the latent location Xn+1 displays a tie with values in X∗, say Xn+1 = X∗
j , while the latent

mark Zn+1 assumes a value not included in Z∗;

(3) both the latent location Xn+1 and latent mark Zn+1 assume values not included in X∗

and Z∗, respectively.

106



Appendix A. Proofs

These three cases are highlighted in the following expression for the numerator:

P(Tn+1 ∈ dt,∆n+1 = d,Xn+1 ∈ dx, Zn+1 ∈ dz,T ,∆,X,Z)

= Q(T ,X) k(t;x) exp

{
−
∫
X
ψ0

(
Dψ(Kn+1(y; t))

)
θP0(dy)

}
×

k∏
j=1

(
D∏
ℓ=1

rℓj∏
h=1

τ(qℓjh;Kn+1(X
∗
j ; t))H(dZ∗

ℓjh)

)
τ0
(
rj ;Dψ(Kn+1(X

∗
j ; t))

)
θP0(dX

∗
j )

×

{
k∑
j=1

rdj∑
h=1

τ(qdjh + 1;Kn+1(X
∗
j ; t))

τ(qdjh;Kn+1(X∗
j ; t))

δX∗
j
(dx) δZ∗

djh
(dz) ← case (1)

case (2) → +

k∑
j=1

τ(1;Kn+1(X
∗
j ; t))

τ0(rj + 1;Dψ(Kn+1(X
∗
j ; t)))

τ0(rj ;Dψ(Kn+1(X∗
j ; t)))

δX∗
j
(dx)H(dz)

case (3) → + τ(1;Kn+1(x; t)) τ0(1;Dψ(Kn+1(x; t))) θ P0(dx)H(dz)

}
dt,

where Kn+1(x; t) = Kn(x) +

∫ t

0
k(s, x) ds is the updated kernel term. Remarkably, these three

cases coincide with the three cases considered in the description of the marginal sampling
algorithm in Section 3.6. As a result, the joint predictive distribution is obtained by dividing the
expression above by the joint marginal distribution in Proposition 3.1:

P(Tn+1 ∈ dt,∆n+1 = d,Xn+1 ∈ dx, Zn+1 ∈ dz | T ,∆,X,Z)

= k(t;x) exp

{
−
∫
X

(
ψ0

(
Dψ(Kn+1(y; t))

)
− ψ0

(
Dψ(Kn(y))

))
θP0(dy)

}
×

k∏
j=1

(
D∏
ℓ=1

rℓj∏
h=1

τ(qℓjh;Kn+1(X
∗
j ; t))

τ(qℓjh;Kn(X∗
j ))

)
τ0
(
rj ;Dψ(Kn+1(X

∗
j ; t))

)
τ0
(
rj ;Dψ(Kn(X∗

j ))
)

×

{
k∑
j=1

rdj∑
h=1

τ(qdjh + 1;Kn+1(X
∗
j ; t))

τ(qdjh;Kn+1(X∗
j ; t))

δX∗
j
(dx) δZ∗

djh
(dz)

+

k∑
j=1

τ(1;Kn+1(X
∗
j ; t))

τ0(rj + 1;Dψ(Kn+1(X
∗
j ; t)))

τ0(rj ;Dψ(Kn+1(X∗
j ; t)))

δX∗
j
(dx)H(dz)

+ τ(1;Kn+1(x; t)) τ0(1;Dψ(Kn+1(x; t))) θ P0(dx)H(dz)

}
dt.

The expressions in equations (3.12) and (3.13) are derived from the quantity above by marginal-
ization with respect to the latent mark Zn+1; on the other hand, the predictive distribution for
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the additional observation (Tn+1,∆n+1) is obtained by marginalizing both latent variables,

P(Tn+1 ∈ dt,∆n+1 = d | T ,∆,X,Z)

= exp

{
−
∫
X

(
ψ0

(
Dψ(Kn+1(y; t))

)
− ψ0

(
Dψ(Kn(y))

))
θP0(dy)

}
×

k∏
j=1

(
D∏
ℓ=1

rℓj∏
h=1

τ(qℓjh;Kn+1(X
∗
j ; t))

τ(qℓjh;Kn(X∗
j ))

)
τ0
(
rj ;Dψ(Kn+1(X

∗
j ; t))

)
τ0
(
rj ;Dψ(Kn(X∗

j ))
)

×

{
k∑
j=1

k(t;X∗
j )

rdj∑
h=1

τ(qdjh + 1;Kn+1(X
∗
j ; t))

τ(qdjh;Kn+1(X∗
j ; t))

+

k∑
j=1

k(t;X∗
j ) τ(1;Kn+1(X

∗
j ; t))

τ0(rj + 1;Dψ(Kn+1(X
∗
j ; t)))

τ0(rj ;Dψ(Kn+1(X∗
j ; t)))

+

∫
X
k(t;x) τ(1;Kn+1(x; t)) τ0(1;Dψ(Kn+1(x; t))) θ P0(dx)

}
dt. (A.1)

Finally, the predictive distribution for the event type ∆n+1, given the survival time Tn+1 is
proportional to the expression above, in which factors not depending on ∆n+1 = d can be ignored:

P(∆n+1 = d | Tn+1 = t,T ,∆,X,Z) ∝
k∑
j=1

k(t;X∗
j )

rdj∑
h=1

τ(qdjh + 1;Kn+1(X
∗
j ; t))

τ(qdjh;Kn+1(X∗
j ; t))

+
k∑
j=1

k(t;X∗
j ) τ(1;Kn+1(X

∗
j ; t))

τ0(rj + 1;Dψ(Kn+1(X
∗
j ; t)))

τ0(rj ;Dψ(Kn+1(X∗
j ; t)))

+

∫
X
k(t;x)τ(1;Kn+1(x; t)) τ0(1;Dψ(Kn+1(x; t))) θ P0(dx).

Proof of Proposition 3.5 The posterior distribution of the random measure µ̃0 at the root of
the hierarchy, given the observations (T ,∆) and the latent variables (X,Z), can be characterized
through its conditional Laplace transform,

E
[
exp

{
−
∫
X
h0(x) µ̃0(dx)

} ∣∣∣ T ,∆,X,Z

]

=

E
[
exp

{
−
∫
X
h0(x) µ̃0(dx)

}
L(µ̃e1, . . . , µ̃eD;T ,∆,X,Z)

]
E
[
L(µ̃e1, . . . , µ̃eD;T ,∆,X,Z)

] ,

where h0 : X 7→ R+ is any non-negative measurable function. The quantity at the denominator is
the joint marginal distribution in Proposition 3.1, while the expectation at the numerator can be
computed similarly; specifically, the conditional expectation of the numerator, given the random
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measure µ̃0, is

E
[
exp

{
−
∫
X
h0(x) µ̃0(dx)

}
L(µ̃e1, . . . , µ̃eD;T ,∆,X,Z)

∣∣∣ µ̃0]
= exp

{
−
∫
X
h0(x) µ̃0(dx)

}
E [L(µ̃e1, . . . , µ̃eD;T ,∆,X,Z) | µ̃0]

= Q(T ,X) exp

{
−
∫
X
(h0(x) +Dψ(Kn(x))) µ̃0(dx)

} k∏
j=1

µ̃0(dX
∗
j )
rj

×
k∏
j=1

D∏
d=1

rdj∏
h=1

τ(qdjh;Kn(X
∗
j ))H(dZ∗

djh).

The expectation of the numerator is obtained by marginalization of the conditional expectation
with respect to the random measure µ̃0,

E
[
exp

{
−
∫
X
h0(x) µ̃0(dx)

}
L(µ̃e1, . . . , µ̃eD;T ,∆,X,Z)

]

= Q(T ,X)E

exp{−∫
X
(h0(x) +Dψ(Kn(x))) µ̃0(dx)

} k∏
j=1

µ̃0(dX
∗
j )
rj


×

k∏
j=1

D∏
d=1

rdj∏
h=1

τ(qdjh;Kn(X
∗
j ))H(dZ∗

djh);

exploiting the identity in (2.10) with f(x) = h0(x) +Dψ(Kn(x)) one gets

= Q(T ,X) exp

{
−
∫
X
ψ0

(
h0(x) +Dψ(Kn(x))

)
θP0(dx)

}
×

k∏
j=1

τ0
(
rj ;h0(X

∗
j ) +Dψ(Kn(X

∗
j ))
)
θP0(dX

∗
j )

k∏
j=1

D∏
d=1

rdj∏
h=1

τ(qdjh;Kn(X
∗
j ))H(dZ∗

djh).

Therefore, the conditional Laplace transform is

E
[
exp

{
−
∫
X
h0(x) µ̃0(dx)

} ∣∣∣ T ,∆,X,Z

]
= exp

{
−
∫
X

(
ψ0

(
h0(x) +Dψ(Kn(x))

)
− ψ0

(
Dψ(Kn(x))

))
θP0(dx)

}
×

k∏
j=1

τ0
(
rj ;h0(X

∗
j ) +Dψ(Kn(X

∗
j ))
)

τ0
(
rj ;Dψ(Kn(X∗

j ))
) .
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Thanks to simple algebra with Laplace exponents, the exponential term can be rewritten as

exp

{
−
∫
X

(
ψ0

(
h0(x) +Dψ(Kn(x))

)
− ψ0

(
Dψ(Kn(x))

))
θP0(dx)

}
= exp

{
−
∫
X
ψ∗
0(h0(x) | x) θP0(dx)

}
= E

[
exp

{
−
∫
X
h0(x) µ̃

∗
0(dx)

}]
,

where ψ∗
0(· | x) is the Laplace exponent corresponding to ρ∗0(ds |x) = exp{−Dψ(Kn(x)) s} ρ0(ds),

and µ̃∗0 is a completely random measure having Lévy intensity ν∗0(ds, dx) = ρ∗0(ds |x) θP0(dx).
Moreover, for each j = 1, . . . , k,

τ0
(
rj ;h0(X

∗
j ) +Dψ(Kn(X

∗
j ))
)
=

∫
R+

srje−h0(X
∗
j ) s exp

{
−Dψ(Kn(X

∗
j ) s
}
ρ0(ds)

=

∫
R+

e−h0(X
∗
j ) s srjρ∗0(ds | X∗

j );

therefore, the ratios in the expression of the conditional Laplace transform can be regarded as
expectations,

τ0
(
rj ;h0(X

∗
j ) +Dψ(Kn(X

∗
j ))
)

τ0
(
rj ;Dψ(Kn(X∗

j ))
) =

∫
R+

e−h0(X
∗
j ) s srjρ∗0(ds | X∗

j )∫
R+

srjρ∗0(ds | X∗
j )

= E
[
exp

{
− h0(X∗

j )Vj
}]
,

where each Vj is a non-negative random variable having density function proportional to

srj exp
{
−Dψ(Kn(X

∗
j )) s

}
ρ0(ds) = srjρ∗0(ds | X∗

j ), j = 1, . . . , k.

In conclusion, the conditional Laplace transform can be written as

E
[
exp

{
−
∫
X
h0(x) µ̃0(dx)

} ∣∣∣ T ,∆,X,Z

]
= E

[
exp

{
−
∫
X
h0(x) µ̃

∗
0(dx)

}] k∏
j=1

E
[
exp

{
− h0(X∗

j )Vj
}]

= E

exp
−

∫
X
h0(x) µ̃

∗
0(dx)−

k∑
j=1

h0(X
∗
j )Vj


 ,

which highlights the structure of the posterior distribution of µ̃0 as the sum of the non-
homogeneous completely random measure µ̃∗0 and the random jumps V1, . . . , Vk at fixed locations
X∗

1 , . . . , X
∗
k ; moreover, these components are mutually independent (second line). A similar

characterization is obtained for the posterior distribution of the extended random measures
µ̃e1, . . . , µ̃

e
D at the lower level of the hierarchy; indeed, their joint conditional Laplace transform,
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given the observations (T ,∆), the latent variables (X,Z) and the root random measure µ̃0, is

E

[
exp

{
−

D∑
d=1

∫
[0,1]×X

hd(z, x) µ̃
e
d(dz, dx)

} ∣∣∣ T ,∆,X,Z, µ̃0

]

=

E

[
exp

{
−

D∑
d=1

∫
[0,1]×X

hd(z, x) µ̃
e
d(dz, dx)

}
L(µ̃e1, . . . , µ̃eD;T ,∆,X,Z) | µ̃0

]
E
[
L(µ̃e1, . . . , µ̃eD;T ,∆,X,Z) | µ̃0

] ,

where hd : [0, 1] × X 7→ R+, for d = 1, . . . , D, are non-negative measurable functions. The
quantity at the denominator is the conditional expectation of augmented likelihood, obtained as
an intermediate step in the proof of Proposition 3.1, while the expectation at the numerator can
be computed similarly; in particular,

E

[
exp

{
−

D∑
d=1

∫
[0,1]×X

hd(z, x) µ̃
e
d(dz, dx)

}
L(µ̃e1, . . . , µ̃eD;T ,∆,X,Z) | µ̃0

]

= Q(T ,X)E

[
exp

{
−

D∑
d=1

∫
[0,1]×X

(
hd(z, x) +Kn(x)

)
µ̃ed(dz, dx)

}

×
D∏
d=1

k∏
j=1

rdj∏
h=1

µ̃ed(dZ
∗
djh, dX

∗
j )
qdjh

]
;

by conditional independence of the extended random measures µ̃e1, . . . , µ̃ed,

= Q(T ,X)
D∏
d=1

E

exp{−∫
[0,1]×X

(
hd(z, x) +Kn(x)

)
µ̃ed(dz, dx)

}
k∏
j=1

rdj∏
h=1

µ̃ed(dZ
∗
djh, dX

∗
j )
qdjh

 ,
and exploiting the identity in (2.10) with f(z, x) = hd(z, x) +Kn(x), for d = 1, . . . , D, one gets

= Q(T ,X)

D∏
d=1

exp

{
−
∫
[0,1]×X

ψ(hd(z, x) +Kn(x))H(dz) µ̃0(dx)

}

×
D∏
d=1

k∏
j=1

rdj∏
h=1

τ(qdjh;hd(Z
∗
djh, X

∗
j ) +Kn(X

∗
j ))H(dZ∗

djh) µ̃0(dX
∗
j ).

111



Appendix A. Proofs

Therefore, the conditional Laplace transform is

E

[
exp

{
−

D∑
d=1

∫
[0,1]×X

hd(z, x) µ̃
e
d(dz, dx)

} ∣∣∣ T ,∆,X,Z, µ̃0

]

=

D∏
d=1

exp

{
−
∫
[0,1]×X

(
ψ(hd(z, x) +Kn(x))− ψ(Kn(x))

)
H(dz) µ̃0(dx)

}

×
D∏
d=1

k∏
j=1

rdj∏
h=1

τ(qdjh;hd(Z
∗
djh, X

∗
j ) +Kn(X

∗
j ))

τ(qdjh;Kn(X∗
j ))

.

For each d = 1, . . . , D, the exponential term can be rewritten as

exp

{
−
∫
[0,1]×X

(
ψ(hd(z, x) +Kn(x))− ψ(Kn(x))

)
H(dz) µ̃0(dx)

}

= E

[
exp

{
−
∫
[0,1]×X

hd(z, x) µ̃
∗
d(dz, dx)

}]

where µ̃∗d is a completely random measure having non-homogeneous Lévy intensity ν∗(ds, dz, dx) =
ρ∗(ds |x)H(dz) µ̃0(dx), with jump component ρ∗(ds |x) = e−Kn(x) s ρ(ds). Moreover, for each
d = 1, . . . , D, j = 1, . . . , k, and h = 1, . . . , rdj ,

τ(qdjh;hd(Z
∗
djh, X

∗
j ) +Kn(X

∗
j )) =

∫
R+

e−hd(Z
∗
djh,X

∗
j ) s sqdjhρ∗(ds | X∗

j );

therefore, the ratios in the expression of the conditional Laplace transform can be regarded as
expectations

τ(qdjh;hd(Z
∗
djh, X

∗
j ) +Kn(X

∗
j ))

τ(qdjh;Kn(X∗
j ))

= E
[
exp

{
− hd(Z∗

djh, X
∗
j )Sdjh

}]
,

where each Sdjh is a non-negative random variable having density function proportional to

sqdjh e−Kn(X∗
j ) s ρ(ds) = sqdjhρ∗(ds | X∗

j ), d = 1, . . . , D, j = 1, . . . , k, h = 1, . . . , rdj .
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In conclusion, the conditional Laplace transform can be written as

E

[
exp

{
−

D∑
d=1

∫
[0,1]×X

hd(z, x) µ̃
e
d(dz, dx)

} ∣∣∣ T ,∆,X,Z, µ̃0

]

=
D∏
d=1

E

[
exp

{
−
∫
[0,1]×X

hd(z, x) µ̃
∗
d(dz, dx)

}]
k∏
j=1

rdj∏
h=1

E
[
exp

{
− hd(Z∗

djh, X
∗
j )Sdjh

}]

=
D∏
d=1

E

exp
−

∫
[0,1]×X

hd(z, x) µ̃
∗
d(dz, dx)−

k∑
j=1

rdj∑
h=1

hd(Z
∗
djh, X

∗
j )Sdjh


 ,

which highlights the structure of the posterior distribution of each µ̃d, given the root random
measure µ̃0, as the sum of the non-homogeneous completely random measure µ̃∗d and the
random jumps (Sdjh)jh at fixed locations; moreover, these components are mutually independent,
and the random measures µ̃1, . . . , µ̃D are conditionally independent, given µ̃0. The posterior
characterization in Proposition 3 is obtained by marginalization with respect to the first component
of the random measure, that is µ̃d(dx) = µ̃ed([0, 1], dx).

Proof of Proposition 3.7 The posterior estimate of the overall survival function S̃(t), given
the observations (T ,∆) and the latent variables (X,Z), for t > 0, is obtained as

E
[
S̃(t) | T ,∆,X,Z

]
= E

[
exp

{
−

D∑
d=1

∫ t

0

∫
X
k(s;x) µ̃d(dx) ds

} ∣∣∣ T ,∆,X,Z

]

= E

[
exp

{
−

D∑
d=1

∫
X
K1(x; t) µ̃d(dx)

} ∣∣∣ T ,∆,X,Z

]
,

where K1(x; t) =

∫ t

0
k(s;x) ds is the integrated kernel up to time t > 0. Conditionally on the

root random measure µ̃0, the specifications of the posterior distributions of random measures
µ̃1, . . . , µ̃D are substituted into the expression above, so that

E
[
S̃(t) | T ,∆,X,Z, µ̃0

]
= E

exp
−

D∑
d=1

∫
X
K1(x; t) µ̃

∗
d(dx)−

D∑
d=1

k∑
j=1

rdj∑
h=1

K1(X
∗
j ; t)Sdjh

 ∣∣∣ µ̃0


= E

 D∏
d=1

exp

{
−
∫
X
K1(x; t) µ̃

∗
d(dx)

} k∏
j=1

rdj∏
h=1

exp
{
−K1(X

∗
j ; t)Sdjh

} ∣∣∣ µ̃0
 ;
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by conditional independence of the random measures µ̃1, . . . , µ̃d, and of the their components,

=

D∏
d=1

E
[
exp

{
−
∫
X
K1(x; t) µ̃

∗
d(dx)

} ∣∣∣ µ̃0] k∏
j=1

rdj∏
h=1

E
[
exp

{
−K1(X

∗
j ; t)Sdjh

}]
.

The posterior characterization of the random measures µ̃1, . . . , µ̃d implies that

=
D∏
d=1

exp

{
−
∫
X
ψ∗(K1(x; t) | x) µ̃0(dx)

} k∏
j=1

rdj∏
h=1

τ∗(qdjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qdjh; 0 | X∗
j )

= exp

{
−
∫
X
Dψ∗(K1(x; t) | x) µ̃0(dx)

} D∏
d=1

k∏
j=1

rdj∏
h=1

τ∗(qdjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qdjh; 0 | X∗
j )

,

where ψ∗(· | x) and τ∗(m; · | x) are the Laplace exponent and cumulants, respectively, corre-
sponding to ρ∗(ds | x). The posterior estimate is obtained by substituting the specification of the
posterior distribution of the root random measure µ̃0, and exploiting the mutual independence of
its components,

E
[
S̃(t) | T ,∆,X,Z

]
= E

[
E
[
S̃(t) | T ,∆,X,Z, µ̃0

] ]
= E

[
exp

{
−
∫
X
Dψ∗(K1(x; t) | x) µ̃∗0(dx)

}] k∏
j=1

E
[
exp

{
−Dψ∗(K1(X

∗
j ; t) | X∗

j )Vj
}]

×
D∏
d=1

k∏
j=1

rdj∏
h=1

τ∗(qdjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qdjh; 0 | X∗
j )

.

In conclusion, the posterior characterization of the random measure µ̃0 implies that

E
[
S̃(t) | T ,∆,X,Z

]
= exp

{
−
∫
X
ψ∗
0

(
Dψ∗(K1(x; t) | x) | x

)
θP0(dx)

}
×

k∏
j=1

τ∗0
(
rj ;Dψ∗(K1(X

∗
j ; t) | X∗

j ) | X∗
j

)
τ∗0 (rj ; 0 | X∗

j )

k∏
j=1

D∏
d=1

rdj∏
h=1

τ∗(qdjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qdjh; 0 | X∗
j )

,

where ψ∗
0(· | x) and τ∗0 (m; · | x) are the Laplace exponent and cumulants, respectively, corre-

sponding to ρ∗0(ds | x).

Proof of Proposition 3.8 The proof follows the same structure of the proof of Proposition
3.7. Indeed, the posterior estimate of the cause-specific incidence function p̃(dt, δ), given the
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observations (T ,∆) and the latent variables (X,Z), for t > 0, is obtained as

E
[
p̃(dt, δ) | T ,∆,X,Z

]
= E

[∫
X
k(t;x) µ̃δ(dx) exp

{
−

D∑
d=1

∫
X
Kt(y) µ̃d(dy)

}
dt
∣∣∣ T ,∆,X,Z

]
,

where K1(x; t) =

∫ t

0
k(s;x) ds is the integrated kernel up to time t > 0. Conditionally on the

root random measure µ̃0, the specifications of the posterior distributions of random measures
µ̃1, . . . , µ̃D are substituted into the expression above, obtaining

E
[
p̃(dt, δ) | T ,∆,X,Z, µ̃0

]
= E

[∏
d̸=δ

exp

{
−
∫
X
K1(y; t) µ̃

∗
d(dy)

} k∏
j=1

rdj∏
h=1

exp
{
−K1(X

∗
j ; t)Sdjh

}
×

(∫
X
k(t;x) µ̃∗δ(dx) exp

{
−
∫
X
K1(y; t) µ̃

∗
δ(dy)

} k∏
j=1

rδj∏
h=1

exp
{
−K1(X

∗
j ; t)Sδjh

}
+

k∑
ℓ=1

k(t;X∗
ℓ )

rδℓ∑
ϵ=1

exp

{
−
∫
X
K1(y; t) µ̃

∗
δ(dy)

}
Sδℓϵ

k∏
j=1

rδj∏
h=1

exp
{
−K1(X

∗
j ; t)Sδjh

})
dt
∣∣∣ µ̃0];

by conditional independence of the random measures µ̃1, . . . , µ̃d, and of the their components,

=
∏
d̸=δ

E
[
exp

{
−
∫
X
K1(y; t) µ̃

∗
d(dy)

} ∣∣∣ µ̃0] k∏
j=1

rdj∏
h=1

E
[
exp

{
−K1(X

∗
j ; t)Sdjh

}]
×

(∫
X
k(t;x)E

[
µ̃∗δ(dx) exp

{
−
∫
X
K1(y; t) µ̃

∗
δ(dy)

} ∣∣∣ µ̃0] k∏
j=1

rδj∏
h=1

E
[
exp

{
−K1(X

∗
j ; t)Sδjh

}]
+

k∑
ℓ=1

k(t;X∗
ℓ )

rδℓ∑
ϵ=1

E
[
exp

{
−
∫
X
K1(y; t) µ̃

∗
δ(dy)

} ∣∣∣ µ̃0]E [Sδℓϵ exp {−K1(X
∗
ℓ ; t)Sδℓϵ}]

×
∏
j ̸=ℓ

∏
h̸=ϵ

E
[
exp

{
−K1(X

∗
j ; t)Sδjh

}])
dt.
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The posterior characterization of the random measures µ̃1, . . . , µ̃d implies that

= exp

{
−
∫
X
(D − 1)ψ∗(K1(y; t) | y) µ̃0(dy)

}∏
d ̸=δ

k∏
j=1

rdj∏
h=1

τ∗(qdjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qdjh; 0 | X∗
j )

×

(∫
X
k(t;x) τ∗(1;K1(x; t) | x) µ̃0(dx) exp

{
−
∫
X
ψ∗(K1(y; t) | y) µ̃0(dy)

} k∏
j=1

rδj∏
h=1

τ∗(qδjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qδjh; 0 | X∗
j )

+
k∑
ℓ=1

k(t;X∗
ℓ )

rδℓ∑
ϵ=1

exp

{
−
∫
X
ψ∗(K1(y; t) | y) µ̃0(dy)

}
τ∗(qδℓϵ + 1;K1(X

∗
ℓ ; t) | X∗

ℓ )

τ∗(qδℓϵ; 0 | X∗
ℓ )

×
∏
j ̸=ℓ

∏
h̸=ϵ

τ∗(qδjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qδjh; 0 | X∗
j )

)
dt;

in the second line, the identity in (2.10) is exploited with f(y) = K1(y; t), while in the last line

E
[
Sδℓϵ exp

{
−K1(X

∗
j ; t)Sδℓϵ

}]
=

∫
R+

s e−K1(X∗
ℓ ;t) s sqδℓϵρ∗(ds | X∗

ℓ )∫
R+

sqδℓϵρ∗(ds | X∗
ℓ )

=
τ∗(qδℓϵ + 1;K1(X

∗
ℓ ; t) | X∗

ℓ )

τ∗(qδℓϵ; 0 | X∗
ℓ )

.

Rearranging the terms in the expression above, one obtains

E
[
p̃(dt, δ) | T ,∆,X,Z, µ̃0

]
= exp

{
−
∫
X
Dψ∗(K1(y; t) | y) µ̃0(dy)

} D∏
d=1

k∏
j=1

rdj∏
h=1

τ∗(qdjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qdjh; 0 | X∗
j )

×

∫
X
k(t;x) τ∗(1;K1(x; t) | x) µ̃0(dx) +

k∑
j=1

k(t;X∗
j )

rδj∑
h=1

τ∗(qδjh + 1;K1(X
∗
j ; t) | X∗

j )

τ∗(qδjh;K1(X∗
j ; t) | X∗

j )

 dt.

The posterior estimate is obtained by substituting the specification of the posterior distribution
of the root random measure µ̃0,

E
[
p̃(dt, δ) | T ,∆,X,Z

]
= E

[
E
[
p̃(dt, δ) | T ,∆,X,Z, µ̃0

]]
= E

[
exp

{
−
∫
X
Dψ∗(K1(y; t) | y) µ̃∗0(dy)

} k∏
j=1

exp
{
−Dψ∗(K1(X

∗
j ; t) | X∗

j )Vj
}

×
D∏
d=1

k∏
j=1

rdj∏
h=1

τ∗(qdjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qdjh; 0 | X∗
j )

(∫
X
k(t;x) τ∗(1;K1(x; t) | x) µ̃∗0(dx)

+

k∑
j=1

k(t;X∗
j ) τ

∗(1;K1(X
∗
j ; t) | X∗

j )Vj +

k∑
j=1

k(t;X∗
j )

rδj∑
h=1

τ∗(qδjh + 1;K1(X
∗
j ; t) | X∗

j )

τ∗(qδjh;K1(X∗
j ; t) | X∗

j )

)]
dt;
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by rearranging the terms and exploiting the mutual independence of µ̃∗0 and V1, . . . , Vk, one
obtains a sum of three components:

=

∫
X
k(t;x) τ∗(1;K1(x; t) | x)E

[
µ̃∗0(dx) exp

{
−
∫
X
Dψ∗(K1(y; t) | y) µ̃∗0(dy)

}]
×

k∏
j=1

E
[
exp

{
−Dψ∗(K1(X

∗
j ; t) | X∗

j )Vj
}] D∏

d=1

rdj∏
h=1

τ∗(qdjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qdjh; 0 | X∗
j )

dt

+
k∑
ℓ=1

k(t;X∗
ℓ ) τ

∗(1;K1(X
∗
ℓ ; t) | X∗

ℓ )E
[
exp

{
−
∫
X
Dψ∗(K1(y; t) | y) µ̃∗0(dy)

}]
× E [Vℓ exp {−Dψ∗(K1(X

∗
ℓ ; t) | X∗

ℓ )Vℓ}]
∏
j ̸=ℓ

E
[
exp

{
−Dψ∗(K1(X

∗
j ; t) | X∗

j )Vj
}]

×
D∏
d=1

k∏
j=1

rdj∏
h=1

τ∗(qdjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qdjh; 0 | X∗
j )

dt

+

k∑
ℓ=1

k(t;X∗
ℓ )

rδℓ∑
ϵ=1

τ∗(qδℓϵ + 1;K1(X
∗
ℓ ; t) | X∗

ℓ )

τ∗(qδℓϵ;K1(X∗
ℓ ; t) | X∗

ℓ )
E
[
exp

{
−
∫
X
Dψ∗(K1(y; t) | y) µ̃∗0(dy)

}]

×
k∏
j=1

E
[
exp

{
−Dψ∗(K1(X

∗
j ; t) | X∗

j )Vj
}] D∏

d=1

rdj∏
h=1

τ∗(qdjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qdjh; 0 | X∗
j )

dt

As for the first component, by the posterior characterization of the random measure µ̃0, and
exploiting the identity in (2.10) with f(y) = Dψ∗(K1(y; t) | y), one obtains

=

∫
X
k(t;x) τ∗(1;K1(x; t) | x) τ∗0

(
1;Dψ∗(K1(x; t) | x) | x

)
θP0(dx)

× exp

{
−
∫
X
ψ∗
0

(
Dψ∗(K1(y; t) | y) | y

)
θP0(dy)

}
×

k∏
j=1

τ∗0
(
rj ;Dψ∗(K1(X

∗
j ; t) | X∗

j ) | X∗
j

)
τ∗0 (rj ; 0 | X∗

j )

D∏
d=1

rdj∏
h=1

τ∗(qdjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qdjh; 0 | X∗
j )

dt
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while for the second and third component, the expectation with respect to µ̃0 and V1, . . . , Vk

reads

+
k∑
ℓ=1

k(t;X∗
ℓ ) τ

∗(1;K1(X
∗
ℓ ; t) | X∗

ℓ ) exp

{
−
∫
X
ψ∗
0

(
Dψ∗(K1(y; t) | y) | y

)
θP0(dy)

}

×
τ∗0
(
rℓ + 1;Dψ∗(K1(X

∗
ℓ ; t) | X∗

ℓ ) | X∗
ℓ

)
τ∗0 (rℓ; 0 | X∗

ℓ )

∏
j ̸=ℓ

τ∗0
(
rj ;Dψ∗(K1(X

∗
j ; t) | X∗

j ) | X∗
j

)
τ∗0 (rj ; 0 | X∗

j )

×
D∏
d=1

k∏
j=1

rdj∏
h=1

τ∗(qdjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qdjh; 0 | X∗
j )

dt

+

k∑
ℓ=1

k(t;X∗
ℓ )

rδℓ∑
ϵ=1

τ∗(qδℓϵ + 1;K1(X
∗
ℓ ; t) | X∗

ℓ )

τ∗(qδℓϵ;K1(X∗
ℓ ; t) | X∗

ℓ )
exp

{
−
∫
X
ψ∗
0

(
Dψ∗(K1(y; t) | y) | y

)
θP0(dy)

}

×
k∏
j=1

τ∗0
(
rj ;Dψ∗(K1(X

∗
j ; t) | X∗

j ) | X∗
j

)
τ∗0 (rj ; 0 | X∗

j )

D∏
d=1

rdj∏
h=1

τ∗(qdjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qdjh; 0 | X∗
j )

dt.

In conclusion, by collecting and rearranging the terms in the expressions above,

E
[
p̃(dt, δ) | T ,∆,X,Z

]
= exp

{
−
∫
X
ψ∗
0

(
Dψ∗(K1(y; t) | y) | y

)
θP0(dy)

}
×

k∏
j=1

τ∗0
(
rj ;Dψ∗(K1(X

∗
j ; t) | X∗

j ) | X∗
j

)
τ∗0 (rj ; 0 | X∗

j )

D∏
d=1

rdj∏
h=1

τ∗(qdjh;K1(X
∗
j ; t) | X∗

j )

τ∗(qdjh; 0 | X∗
j )

×

(∫
X
k(t;x) τ∗(1;K1(x; t) | x) τ∗0

(
1;Dψ∗(K1(x; t) | x) | x

)
θP0(dx)

+
k∑
j=1

k(t;X∗
j ) τ

∗(1;K1(X
∗
j ; t) | X∗

j ))
τ∗0
(
rj + 1;Dψ∗(K1(X

∗
j ; t) | X∗

j ) | X∗
j

)
τ∗0
(
rj ;Dψ∗(K1(X∗

j ; t) | X∗
j ) | X∗

j

)
+

k∑
j=1

k(t;X∗
j )

rδj∑
h=1

τ∗(qδjh + 1;K1(X
∗
j ; t))

τ∗(qδjh;K1(X∗
j ; t))

)
dt. (A.2)

Note that the factors in the first two lines of this expression coincide with the posterior estimate
of the survival function obtained in Proposition 3.7.

Proof of (A.1) from (A.2) The posterior estimate of cause-specific incidence functions detailed
in Proposition 3.8, and more explicitly in (A.2), coincides with the predictive distribution for
the additional observation (Tn+1,∆n+1) described in (A.1), as discussed in Section 3.4. This
fact can be shown by clarifying the relationships of the Laplace exponents and cumulants for
the posterior random measures µ̃∗1, . . . , µ̃∗D with the corresponding quantities for the random
measures µ̃1, . . . , µ̃D, defined in (3.14) and (3.9), respectively. In particular, at the lower level of
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the hierarchy, the Laplace exponents are related as

ψ∗(u |x) = ψ(u+Kn(x))− ψ(Kn(x)),

or equivalently, ψ∗(u |x) + ψ(Kn(x)) = ψ(u+Kn(x)), while at the root of the hierarchy

ψ∗
0(u |x) = ψ0(u+Dψ(Kn(x)))− ψ0(Dψ(Kn(x))).

Therefore, exploiting the expressions above and noticing that the updated kernel term is given
by Kn+1(x; t) = Kn(x) +K1(x; t), the exponential term in (A.2) becomes

exp

{
−
∫
X
ψ∗
0

(
Dψ∗(K1(y; t) | y) | y

)
θP0(dy)

}
= exp

{
−
∫
X
(ψ0(Dψ

∗(K1(y; t) | y) +Dψ(Kn(y)))− ψ0(Dψ(Kn(y)))) θP0(dy)

}
= exp

{
−
∫
X
(ψ0(Dψ(K1(y; t) +Kn(y)))− ψ0(Dψ(Kn(y)))) θP0(dy)

}
= exp

{
−
∫
X
(ψ0(Dψ(Kn+1(y; t)))− ψ0(Dψ(Kn(y)))) θP0(dy)

}
.

On the other hand, for the cumulants one has

τ∗(m;u | x) = τ(m;u+Kn(x)), τ∗0 (m;u | x) = τ0(m;u+Dψ(Kn(x))).

Therefore, the quantities appearing in (A.2) can be rewritten as

τ∗0
(
m;Dψ∗(K1(x; t) | x) | x

)
= τ0

(
m;Dψ∗(K1(x; t) | x) +Dψ(Kn(x))

)
= τ0

(
m;Dψ(K1(x; t) +Kn(x))

)
= τ0

(
m;Dψ(Kn+1(x; t))

)
,

while τ∗0 (m; 0 | x) = τ0(m;Dψ(Kn(x))); moreover,

τ∗(m;K1(x; t) | x) = τ(m;K1(x; t) +Kn(x)) = τ(m;Kn+1(x; t)),

while τ∗(m; 0 | x) = τ∗(m;Kn(x)). In conclusion, the expression in (A.1) can be easily obtained
from (A.2) using the identities above.
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A.3 Proofs of Chapter 4

Proof of Proposition 4.1 Consider the augmented likelihood function in (4.8),

L(µ̃;Y ,X, ξ,β) = R(Y ,X,β)Q(X, ξ)

×
∫
(R+)n

exp

{
−
∫
X×B

(
n∑
i=1

ui k(Xi, ξ)

)
µ̃(dξ, dβ)

}
k∏
j=1

µ̃(dξ∗j , dβ
∗
j )
nj du,

where the kernel quantities R(Y ,X,β) and Q(X, ξ) are defined in (4.9). The joint marginal
distribution of responses Y , latent locations ξ and latent regression parameters β is obtained by
marginalizing the augmented likelihood with respect to the random measure µ̃, that is

P(Y , ξ,β |X) = E [L(µ̃;Y ,X, ξ,β)] = R(Y ,X,β)Q(X, ξ)

×
∫
(R+)n

E

exp{−∫
X×B

(
n∑
i=1

ui k(Xi, ξ)

)
µ̃(dξ, dβ)

}
k∏
j=1

µ̃(dξ∗j , dβ
∗
j )
nj

 du.
The distribution of the random measure µ̃ is absolutely continuous with respect to the distribution
of a σ-stable completely random measure µ̃σ, with Radon-Nikodym derivative (4.7),

dL(µ̃) = σΓ(θ)

Γ(θ/σ)
µ̃σ(X× B)−θ dL(µ̃σ)

=
σ

Γ(θ/σ)

∫
R+

uθ−1
0 exp

{
−
∫
X×B

u0 µ̃σ(dξ, dβ)

}
du0 dL(µ̃σ),

where a standard analytical manipulation based on the density of a gamma random variable is
used in the second line. Therefore, the expectation with respect to µ̃ can be rewritten as an
expectation with respect to µ̃σ as

P(Y , ξ,β |X) = R(Y ,X,β)Q(X, ξ)

× σ

Γ(θ/σ)

∫
(R+)n+1

E

exp{−∫
X×B

Kn(ξ,u) µ̃σ(dξ, dβ)

} k∏
j=1

µ̃σ(dξ
∗
j , dβ

∗
j )
nj

uθ−1
0 du,

where the following function is defined:

Kn(ξ,u) = Kn(ξ,u;X) = u0 +

n∑
i=1

ui k(Xi, ξ).
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The σ-stable completely random measure µ̃σ is characterized by the Lévy intensity (4.6), for
which the Laplace exponent and cumulants in (2.7) take the forms

ψ(u) = uσ, τ(m;u) = σ (1− σ)m−1 u
σ−m, (A.3)

where (a)m denotes the ascending factorial; therefore, exploiting the identity in (2.10) with
α(dξ, dβ) = P0(dξ)Q0(dβ) and f(ξ, β) = Kn(ξ,u) one obtains

P(Y , ξ,β |X) = R(Y ,X,β)Q(X, ξ) σk
k∏
j=1

(1− σ)nj−1 P0(dξ
∗
j )Q0(dβ

∗
j )

× σ

Γ(θ/σ)

∫
(R+)n+1

uθ−1
0 exp

{
−
∫
X
Kn(ξ,u)

σP0(dξ)

} k∏
j=1

Kn(ξ
∗
j ,u)

σ−nj du. (A.4)

Considering the change of integration variables u 7→ (t,v) such that

t =

n∑
i=0

ui, vi =
ui
t
, i = 1, . . . n− 1, du = tn dt dv,

the expression of the marginal distribution can be rewritten as

= R(Y ,X,β)Q(X, ξ) σk
k∏
j=1

(1− σ)nj−1 P0(dξ
∗
j )Q0(dβ

∗
j )

× σ

Γ(θ/σ)

∫
∆n

vθ−1
0

∫
R+

tθ+kσ exp

{
−tσ

∫
X
Kn(ξ,v)

σP0(dξ)

}
dt

k∏
j=1

Kn(ξ
∗
j ,v)

σ−nj dv;

computing the integral with respect to t, one gets

= R(Y ,X,β)Q(X, ξ)
σk Γ(k + θ/σ)

Γ(θ/σ)

k∏
j=1

(1− σ)nj−1 P0(dξ
∗
j )Q0(dβ

∗
j )

×
∫
∆n

(∫
X
Kn(ξ,v)

σP0(dξ)

)−(k+θ/σ) k∏
j=1

Kn(ξ
∗
j ,v)

σ−nj vθ−1
0 dv.

The result is obtained by rearranging the terms and defining the following function:

Hn(v) :=

(∫
X
Kn(ξ,v)

σP0(dξ)

)1/σ

.

Proof of Proposition 4.2 The probability distribution of the induced random partition is
obtained from the joint marginal distribution in Proposition 4.1 upon marginalization of the
responses and of the distinct values assumed by latent locations and regression parameters. In
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particular, the marginalization of the responses Y reduces to∫
Rn

R(Y ,X,β) dY =

n∏
i=1

∫
R
ϕ(Yi;Xi, βi) dYi = 1,

where the last equivalence follows from the assumption of ϕ being a probability density function;
therefore, the marginal distribution of latent locations ξ and regression parameters β becomes

P(ξ,β |X) = Q(X, ξ)

∏k−1
ℓ=1 (θ + ℓσ)

(θ + 1)n−1

k∏
j=1

(1− σ)nj−1 P0(dξ
∗
j )Q0(dβ

∗
j )

×
∫
∆n

Hn(v)
−(θ+n)

k∏
j=1

(
Kn(ξ

∗
j ,v)

Hn(v)

)σ−nj

fθ,1,...,1(v) dv,

where fθ,1,...,1(v) is the density function of the Dirichlet distribution with parameters (θ, 1, . . . , 1).
Note that the expression above coincides with the joint distribution of the random partition Π

and of the distinct values ξ∗ and β∗ assumed by the latent locations and regression parameters.
The further marginalization with respect to the distinct regression parameters is straightforward;
hence, the marginal distribution of the random partition and distinct latent locations is

P(Π, ξ∗ |X) =

∏k−1
ℓ=1 (θ + ℓσ)

(θ + 1)n−1

k∏
j=1

(1− σ)nj−1

∫
∆n

Hn(v)
−θ

k∏
j=1

Kn(ξ
∗
j ,v)

σ

Hn(v)σ

∏
i : ξi=ξ∗j

k(Xi, ξ
∗
j )

Kn(ξ∗j ,v)
P0(dξ

∗
j )

 fθ,1,...,1(v) dv,

where the product of kernels Q(X, ξ) is made explicit and terms rearranged. In conclusion, upon
marginalization of the distinct locations, the quantity in the parentheses above turns into

Sj(v;X) :=

∫
X

∏
{i : Ai=j}

k(Xi, ξ)

Kn(ξ,v)
Kn(ξ,v)

σ P0(dξ)∫
X
Kn(ξ,v)

σ P0(dξ)

, j = 1, . . . , k,

where A is the vector of allocation variables, that is, Ai = j if and only if ξi = ξ∗j . Therefore, the
marginal distribution of the induced random partition can be written as

P(Π |X) =

∏k−1
ℓ=1 (θ + hσ)

(θ + 1)n−1

k∏
j=1

(1− σ)nj−1

∫
∆n

Hn(v)
−θ

k∏
j=1

Sj(v;X) fθ,1,...,1(v) dv.

Proof of Proposition 4.4 The posterior distribution of the common random measure µ̃, given
the responses Y , latent locations ξ and regression parameters β, can be characterized through
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its conditional Laplace transform,

E
[
exp

{
−
∫
X×B

h(ξ, β) µ̃(dξ, dβ)

} ∣∣∣ Y , ξ,β]

=

E
[
exp

{
−
∫
X×B

h(ξ, β) µ̃(dξ, dβ)

}
L(µ̃;Y ,X, ξ,β)

]
E [L(µ̃;Y ,X, ξ,β)]

,

where h : X×B 7→ R+ is any non-negative measurable function. The quantity at the denominator
is the joint marginal distribution in Proposition 4.1, while the expectation at the numerator can
be computed similarly; specifically, from the augmented likelihood in (4.8),

E
[
exp

{
−
∫
X×B

h(ξ, β) µ̃(dξ, dβ)

}
L(µ̃;Y ,X, ξ,β)

]
= R(Y ,X,β)Q(X, ξ)

×
∫
(R+)n

E

exp{−∫
X×B

(
h(ξ, β) +

n∑
i=1

ui k(Xi, ξ)

)
µ̃(dξ, dβ)

}
k∏
j=1

µ̃(dξ∗j , dβ
∗
j )
nj

 du,
where the kernel quantities R(Y ,X,β) and Q(X, ξ) are defined in (4.9). The distribution of
the random measure µ̃ is absolutely continuous with respect to the distribution of a σ-stable
completely random measure µ̃σ, with Radon-Nikodym derivative (4.7),

dL(µ̃) = σ

Γ(θ/σ)

∫
R+

uθ−1
0 exp

{
−
∫
X×B

u0 µ̃σ(dξ, dβ)

}
du0 dL(µ̃σ);

therefore, the expectation with respect to µ̃ can be rewritten as an expectation with respect to
the random measure µ̃σ as

E
[
exp

{
−
∫
X×B

h(ξ, β) µ̃(dξ, dβ)

}
L(µ̃;Y ,X, ξ,β)

]
= R(Y ,X,β)Q(X, ξ)

σ

Γ(θ/σ)

×
∫
(R+)n+1

E

exp{−∫
X×B

(h(ξ, β) +Kn(ξ,u)) µ̃σ(dξ, dβ)

} k∏
j=1

µ̃σ(dξ
∗
j , dβ

∗
j )
nj

uθ−1
0 du,

where the function Kn(ξ,u) = Kn(ξ,u;X) is defined as in the proof of Proposition 4.1. This
expectation can be computed exploiting the identity in (2.10) with α(dξ, dβ) = P0(dξ)Q0(dβ)
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and f(ξ, β) = h(ξ, β) +Kn(ξ,u),

= R(Y ,X,β)Q(X, ξ)
σk+1

Γ(θ/σ)

k∏
j=1

(1− σ)nj−1 P0(dξ
∗
j )Q0(dβ

∗
j )

×
∫
(R+)n+1

uθ−1
0 exp

{
−
∫
X×B

(h(ξ, β) +Kn(ξ,u))
σ P0(dξ)Q0(dβ)

}

×
k∏
j=1

(
h(ξ∗j , β

∗
j ) +Kn(ξ

∗
j ,u)

)σ−nj du;

where the expressions in (A.3) for the Laplace exponent and cumulants of the σ-stable completely
random measure µ̃σ are substituted. Therefore, considering the intermediate expression in (A.4)
for the joint marginal distribution at the denominator, the conditional Laplace transform is

E
[
exp

{
−
∫
X×B

h(ξ, β) µ̃(dξ, dβ)

} ∣∣∣ Y , ξ,β]

=

∫
(R+)n+1

uθ−1
0 exp

{
−
∫
X×B

(h(ξ, β) +Kn(ξ,u))
σ P0(dξ)Q0(dβ)

} k∏
j=1

(
h(ξ∗j , β

∗
j ) +Kn(ξ

∗
j ,u)

)σ−nj du

∫
(R+)n+1

uθ−1
0 exp

{
−
∫
X
Kn(ξ,u)

σP0(dξ)

} k∏
j=1

Kn(ξ
∗
j ,u)

σ−nj du

.

Note that this expression does not contain the responses Y , and thus the posterior distribution
of µ̃ does not depend on them. Rearranging the terms of the integrand function at the numerator
in order to match the those of the integrand at the denominator, one gets

=

∫
(R+)n+1

exp

{
−
∫
X×B

(
(h(ξ, β) +Kn(ξ,u))

σ −Kn(ξ,u)
σ
)
P0(dξ)Q0(dβ)

}

×
k∏
j=1

(
h(ξ∗j , β

∗
j ) +Kn(ξ

∗
j ,u)

Kn(ξ∗j ,u)

)σ−nj

f(u) du, (A.5)

where f(u) = f(u | ξ) is a density function proportional to

uθ−1
0 exp

{
−
∫
X
Kn(ξ,u)

σP0(dξ)

} k∏
j=1

Kn(ξ
∗
j ,u)

σ−nj .
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The exponential term in (A.5) coincides with Laplace transform of a generalized gamma completely
random measure (see Section 2.7) evaluated at function h(ξ, β), and thus can be rewritten as

exp

{
−
∫
X×B

(
(h(ξ, β) +Kn(ξ,u))

σ −Kn(ξ,u)
σ
)
P0(dξ)Q0(dβ)

}
= exp

{
−
∫
X×B

ψ∗(h(ξ, β) | ξ)P0(dξ)Q0(dβ)

}
= E

[
exp

{
−
∫
X×B

h(ξ, β) µ̃∗(dξ, dβ)

}]
,

where µ̃∗ is a generalized gamma completely random measure having Lévy intensity measure

ν∗(ds, dξ, dβ) =
σ

Γ(1− σ)
s−1−σ exp {−Kn(ξ,u) s} dsP0(dξ)Q0(dβ).

Moreover, the product of ratios in (A.5) coincides with the product of Laplace transform of
gamma random variables, computed at values h(ξ∗j , β

∗
j ), for j = 1, . . . , k, that is

(
h(ξ∗j , β

∗
j ) +Kn(ξ

∗
j ,u)

Kn(ξ∗j ,u)

)σ−nj

= E
[
exp

{
−h(ξ∗j , β∗j )Wj

}]
, j = 1, . . . , k,

where each Wj is a gamma random variable having shape parameter nj − σ and rate parameter
Kn(ξ

∗
j ,u). As a result, the conditional Laplace transform can be written as

E
[
exp

{
−
∫
X×B

h(ξ, β) µ̃(dξ, dβ)

} ∣∣∣ Y , ξ,β]
=

∫
(R+)n+1

E
[
exp

{
−
∫
X×B

h(ξ, β) µ̃∗(dξ, dβ)

}] k∏
j=1

E
[
exp

{
−h(ξ∗j , β∗j )Wj

}]
f(u) du

=

∫
(R+)n+1

E

exp
−

∫
X×B

h(ξ, β) µ̃∗(dξ, dβ)−
k∑
j=1

h(ξ∗j , β
∗
j )Wj


 f(u) du;

therefore, the posterior distribution of the common random measure µ̃ can be regarded as a
mixture of completely random measures, having Lévy intensities depending on the mixing latent
parameters vector U , which in turn is distributed according to f(u). By further conditioning on
such auxiliary vector,

E
[
exp

{
−
∫
X×B

h(ξ, β) µ̃(dξ, dβ)

} ∣∣∣ Y , ξ,β,U]

= E

exp
−

∫
X×B

h(ξ, β) µ̃∗(dξ, dβ)−
k∑
j=1

h(ξ∗j , β
∗
j )Wj


 ;

which highlights the structure of the conditional posterior distribution of the common random
measure µ̃ as the sum of the non-homogeneous generalized gamma completely random measure
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µ̃∗ and the gamma-distributed random jumps W1, . . . ,Wk at fixed locations (ξ∗1 , β
∗
1), . . . , (ξ

∗
k, β

∗
k);

moreover, these components are mutually independent. The proof is concluded by a sequence of
reparameterizations.

(1) Consider the change of variables u 7→ (z,v) such that

z =
n∑
i=0

ui, vi =
ui
z
, i = 1, . . . n− 1, du = zn dz dv;

the joint density function of Z and V is supported on the product space R+ ×∆n and
proportional to

f(z,v) ∝ zkσ+θ−1 vθ−1
0 exp

{
−zσ

∫
X
Kn(ξ,v)

σP0(dξ)

} k∏
j=1

Kn(ξ
∗
j ,v)

σ−nj .

(2) Consider the change of variables t = z Hn(v), where the quantity Hn(v) is defined in
Proposition 4.1; the joint density function of T and V is again supported on the product
space R+ ×∆n and proportional to

f(t,v) ∝ tkσ+θ−1 e−t
σ
Hn(v)

−(θ+kσ) vθ−1
0

k∏
j=1

Kn(ξ
∗
j ,v)

σ−nj .

In conclusion, the auxiliary latent variables T and V are independent, the vector V has density
function as in (4.12) and T has generalized gamma distribution. Moreover, the quantity Kn(ξ,u)

characterizing the random measure µ̃∗ and the random jumps W1, . . . ,Wk is reparameterized as

Kn(ξ,u) = z Kn(ξ,v) =
Kn(ξ,v)

Hn(v)
t.

Proof of Proposition 4.5 The distribution of the random measure µ̃∗ is characterized through
its Laplace transform; specifically, given the latent locations ξ and regression parameters β, and
the latent variables V and T , it is a generalized gamma completely random measure,

E
[
exp

{
−
∫
X×B

h(ξ, β) µ̃∗(dξ, dβ)

} ∣∣ ξ,β,V , T]
= exp

{
−
∫
X×B

(
h(ξ, β) +

Kn(ξ,V )

Hn(V )
T

)σ
P0(dξ)Q0(dβ) +

∫
X

(
Kn(ξ,V )

Hn(V )
T

)σ
P0(dξ)

}
which can be rewritten, exploiting the definition of Hn(V ), as

= exp

{
−
∫
X×B

(
h(ξ, β) +

Kn(ξ,V )

Hn(V )
T

)σ
P0(dξ)Q0(dβ) + T σ

}
.
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Therefore, upon marginalization with respect to the random variable T , the distribution of µ̃∗ is
characterized by the Laplace transform

E
[
exp

{
−
∫
X×B

h(ξ, β) µ̃∗(dξ, dβ)

} ∣∣ ξ,β,V ]
=

∫
R+

E
[
exp

{
−
∫
X×B

h(ξ, β) µ̃∗(dξ, dβ)

} ∣∣ ξ,β,V , T = t

]
fT (t | ξ) dt

=
σ

Γ(k + θ/σ)

∫
R+

tkσ+θ−1 exp

{
−
∫
X×B

(
h(ξ, β) +

Kn(ξ,V )

Hn(V )
t

)σ
P0(dξ)Q0(dβ)

}
dt.

The exponential term coincides with the Laplace transform of a σ-stable completely random
measure, having Lévy intensity measure (4.6), evaluated at function h(ξ, β)+ tKn(ξ,V )/Hn(V );
therefore, one obtains

=
σ

Γ(k + θ/σ)

∫
R+

tkσ+θ−1 E
[
exp

{
−
∫
X×B

(
h(ξ, β) +

Kn(ξ,V )

Hn(V )
t

)
µ̃σ(dξ, dβ)

}]
dt

= E

[
exp

{
−
∫
X×B

h(ξ, β) µ̃σ(dξ, dβ)

}
σ

Γ(k + θ/σ)∫
R+

tkσ+θ−1 exp

{
−t
∫
X×B

Kn(ξ,V )

Hn(V )
µ̃σ(dξ, dβ)

}
dt

]
.

By computing the integral with respect to t,

= E

[
exp

{
−
∫
X×B

h(ξ, β) µ̃σ(dξ, dβ)

}
σ Γ(kσ + θ)

Γ(k + θ/σ)

(∫
X×B

Kn(ξ,V )

Hn(V )
µ̃σ(dξ, dβ)

)−(kσ+θ)
]
;

in conclusion, the distribution of the random measure µ̃∗ is absolutely continuous with respect
to the distribution of µ̃σ, with Radon-Nikodym derivative

dL(µ̃∗)
dL(µ̃σ)

(m) =
σΓ(kσ + θ)

Γ(k + θ/σ)

(∫
X×B

Kn(ξ,V )

Hn(V )
m(dξ, dβ)

)−(kσ+θ)

.

Proof of Proposition 4.6 (marginal approach) The joint predictive distribution for the
additional responses, latent locations and regression parameters is obtained from the joint
marginal distribution in Proposition 4.1 as

P(Y +, ξ+,β+ | Y , ξ,β) = P(Y +,Y , ξ+, ξ,β+,β)

P(Y , ξ,β)
,
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where the numerator is the joint marginal distribution for the n+m observations and corresponding
latent variables. Specifically, the numerator takes the form

P(Y +,Y , ξ+, ξ,β+,β) = R(Y ,X,β)R(Y +,X+,β+)Q(X, ξ)Q(X+, ξ+)

×
∏k+h−1
ℓ=1 (θ + ℓσ)

(θ + 1)n+m−1

k∏
j=1

(1− σ)nj+mj−1

k+h∏
j=k+1

(1− σ)mj−1

k+h∏
j=1

P0(dξ
∗
j )Q0(dβ

∗
j )

×
∫
∆n+m

Hn+m(z)
−(θ+n+m)

k∏
j=1

(
Kn+m(ξ

∗
j , z)

Hn+m(z)

)σ−nj−mj

×
k+h∏
j=+1

(
Kn+m(ξ

∗
j , z)

Hn+m(z)

)σ−mj

fθ,1,...,1(z) dz,

where fθ,1,...,1(z) denotes the density function of the Dirichlet distribution over the (n +m)-
dimensional simplex, with parameters (θ, 1, . . . , 1), while the function Kn+m(ξ, z) and Hn+m(z)

are the natural extensions of the function defined Proposition 4.1 for n observations. As a
consequence, the joint predictive distribution is

P(Y +, ξ+,β+ | Y , ξ,β) = R(Y +,X+,β+)Q(X+, ξ+)

×
∏h−1
ℓ=0 (θ + kσ + ℓσ)

(θ + n)m

k∏
j=1

(nj − σ)mj

k+h∏
j=k+1

(1− σ)mj−1 P0(dξ
∗
j )Q0(dβ

∗
j )

×
∫
∆n+m

Hn+m(z)
−(θ+n+m)

k∏
j=1

(
Kn+m(ξ

∗
j , z)

Hn+m(z)

)σ−nj−mj

×
k+h∏
j=+1

(
Kn+m(ξ

∗
j , z)

Hn+m(z)

)σ−mj

C(ξ)−1 fθ,1,...,1(z) dz,

where the quantity C(ξ) is the normalizing constant for the density function of the auxiliary
latent variables V , that is

C(ξ) =

∫
∆n

Hn(v)
−(θ+n)

k∏
j=1

(
Kn(ξ

∗
j ,v)

Hn(v)

)σ−nj

fθ,1,...,1(v) dv.

Note that this expression for the predictive distribution does not depend on the responses Y ,
which can thus be removed from the conditioning. Considering the change of variables z 7→ (v,w)

such that

w0 =
n∑
i=0

zi, vi =
zi
w0
, i = 1, . . . , n, wi = zn+i, i = 1, . . . ,m− 1,
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the integral on the (n+m)-dimensional simplex can be split into a double integral

∫
∆n

∫
∆m

H+
m(w;v)−(θ+n+m)

k∏
j=1

(
K+
m(ξ

∗
j ,w;v)

H+
m(w;v)

)σ−nj−mj

×
k+h∏
j=+1

(
K+
m(ξ

∗
j ,w;v)

H+
m(w;v)

)σ−mj

fθ+n,1,...,1(w) dwC(ξ)−1 fθ,1,...,1(v) dv,

where the functions Kn+m(ξ, z) and Hn+m(z) are replaced by the functions

K+
m(ξ,w;v) := w0Kn(ξ,v) +

m∑
i=1

wi k(Xn+i, ξ) = z0 +
k+h∑
i=1

zi k(Xi, ξ) = Kn+m(ξ, z),

H+
m(w;v) =

(∫
X
K+
m(ξ,w;v)σP0(dξ)

)1/σ

=

(∫
X
Kn+m(ξ, z)

σP0(dξ)

)1/σ

= Hn+m(z).

Recalling that the density function of the auxiliary latent variables V in (4.12) is

fV (v | ξ) = C(ξ)−1Hn(v)
−(θ+n)

k∏
j=1

(
Kn(ξ

∗
j ,v)

Hn(v)

)σ−nj

fθ,1,...,1(v),

the joint predictive distribution is rewritten as

P(Y +, ξ+,β+ | ξ,β) = R(Y +,X+,β+)Q(X+, ξ+)

×
∏h−1
ℓ=0 (θ + kσ + ℓσ)

(θ + n)m

k∏
j=1

(nj − σ)mj

k+h∏
j=k+1

(1− σ)mj−1 P0(dξ
∗
j )Q0(dβ

∗
j )

×
∫
∆n

Hn(v)
(θ+n)

k∏
j=1

(
Kn(ξ

∗
j ,v)

Hn(v)

)nj−σ ∫
∆m

H+
m(w;v)−(θ+n+m)

k∏
j=1

(
K+
m(ξ

∗
j ,w;v)

H+
m(w;v)

)σ−nj−mj

×
k+h∏
j=+1

(
K+
m(ξ

∗
j ,w;v)

H+
m(w;v)

)σ−mj

fθ+n,1,...,1(u) dw fV (v | ξ) dv.

The result is obtained by conditioning on the auxiliary latent variables V , playing the role of
mixing parameters in the expression above.

Proof of Proposition 4.6 (conditional approach) Consider the augmented likelihood
function in (4.8) for the additional responses, latent locations and regression parameters,

L(µ̃;Y +,X+, ξ+,β+) = R(Y +,X+,β+)Q(X+, ξ+)

×
∫
(R+)m

exp

{
−
∫
X×B

(
n+m∑
i=n+1

ui k(Xi, ξ)

)
µ̃(dξ, dβ)

}
k+h∏
j=1

µ̃(dξ∗j , dβ
∗
j )
mj du,
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The joint predictive distribution is obtained by marginalizing the augmented likelihood with
respect to the posterior distribution of the random measure µ̃, given the previous latent locations,
regression parameters and latent variables V , that is

P(Y +, ξ+,β+ | ξ,β,V ) = E
[
L(µ̃;Y +,X+, ξ+,β+) | ξ,β,V

]
= R(Y +,X+,β+)Q(X+, ξ+)

∫
(R+)m

E

[
exp

{
−
∫
X×B

(
n+m∑
i=n+1

ui k(Xi, ξ)

)
µ̃(dξ, dβ)

}

×
k+h∏
j=1

µ̃(dξ∗j , dβ
∗
j )
mj
∣∣ ξ,β,V ] du.

The posterior distribution of µ̃ is characterized in Proposition 4.4 as a completely random measure,
conditionally on the auxiliary latent variable T , that is

= R(Y +,X+,β+)Q(X+, ξ+)
σ

Γ(k + θ/σ)

∫
(R+)m+1

tkσ+θ−1 e−t
σ

× E

exp{−∫
X×B

(
n+m∑
i=n+1

ui k(Xi, ξ)

)
µ̃(dξ, dβ)

}
k+h∏
j=1

µ̃(dξ∗j , dβ
∗
j )
mj
∣∣ ξ,β,V , T

 du dt.
Substituting the specification of the posterior distribution of µ̃ into the expression above, and
rearranging the terms,

= R(Y +,X+,β+)Q(X+, ξ+)
σ

Γ(k + θ/σ)

∫
R+

tkσ+θ−1 e−t
σ

×
∫
(R+)m

E

[
exp

{
−
∫
X×B

(
n+m∑
i=n+1

ui k(Xi, ξ)

)
µ̃∗(dξ, dβ)

}
k+h∏
j=k+1

µ̃∗(dξ∗j , dβ
∗
j )
mj

×
k∏
j=1

W
mj

j exp

{
−

(
n+m∑
i=n+1

ui k(Xi, ξ
∗
j )

)
Wj

}]
du dt;

by conditional independence of the random measure µ̃∗ and random variables W1, . . . ,Wk,

= R(Y +,X+,β+)Q(X+, ξ+)
σ

Γ(k + θ/σ)

∫
R+

tkσ+θ−1 e−t
σ

×
∫
(R+)m

E

exp{−∫
X×B

(
n+m∑
i=n+1

ui k(Xi, ξ)

)
µ̃∗(dξ, dβ)

}
k+h∏
j=k+1

µ̃∗(dξ∗j , dβ
∗
j )
mj


×

k∏
j=1

E

[
W

mj

j exp

{
−

(
n+m∑
i=n+1

ui k(Xi, ξ
∗
j )

)
Wj

}]
du dt.
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The random measure µ̃∗ is a generalized gamma completely random measure (see Section 2.7),
for which the Laplace exponent and cumulants in (2.7) take the forms

ψ∗(u | ξ) =
(
u+ t

Kn(ξ,V )

Hn(V )

)σ
− tσ

(
Kn(ξ,V )

Hn(V )

)σ
,

τ∗(m;u | ξ) = σ (1− σ)m−1

(
u+ t

Kn(ξ,V )

Hn(V )

)σ−m
,

where (a)m denotes the ascending factorial; therefore, exploiting the identity in (2.10) with
α(dξ, dβ) = P0(dξ)Q0(dβ) and f(ξ, β) =

∑
i ui k(Xi, ξ), the expectation with respect to µ̃∗ is

E

exp{−∫
X×B

(
n+m∑
i=n+1

zi k(Xi, ξ)

)
µ̃∗(dξ, dβ)

}
k+h∏
j=k+1

µ̃∗(dξ∗j , dβ
∗
j )
mj


= σh exp

{
−
∫
X

(
t
Kn(ξ,V )

Hn(V )
+

n+m∑
i=n+1

ui k(Xi, ξ)

)σ
P0(dξ) + tσ

}

×
k+h∏
j=k+1

(1− σ)mj−1

(
t
Kn(ξ

∗
j ,V )

Hn(V )
+

n+m∑
i=n+1

ui k(Xi, ξ
∗
j )

)σ−mj

P0(dξ
∗
j )Q0(dβ

∗
j ).

Moreover, each random variable Wj has gamma distribution with shape parameter nj − σ and
rate parameter tKn(ξ

∗
j ,V )/Hn(V ), which entails

E

[
W

mj

j exp

{
−

(
n+m∑
i=n+1

ui k(Xi, ξ
∗
j )

)
Wj

}]

= (nj − σ)mj

(
t
Kn(ξ

∗
j ,V )

Hn(V )

)nj−σ
(
t
Kn(ξ

∗
j ,V )

Hn(V )
+

n+m∑
i=n+1

ui k(Xi, ξ
∗
j )

)σ−nj−mj

.

Therefore, the joint predictive distribution takes the form

P(Y +, ξ+,β+ | ξ,β,V ) = R(Y +,X+,β+)Q(X+, ξ+)
σh+1

Γ(k + θ/σ)

×
∫
R+

tkσ+θ−1

∫
(R+)m

exp

{
−
∫
X

(
t
Kn(ξ,V )

Hn(V )
+

n+m∑
i=n+1

ui k(Xi, ξ)

)σ
P0(dξ)

}

×
k+h∏
j=k+1

(1− σ)mj−1

(
t
Kn(ξ

∗
j ,V )

Hn(V )
+

n+m∑
i=n+1

ui k(Xi, ξ
∗
j )

)σ−mj

P0(dξ
∗
j )Q0(dβ

∗
j )

×
k∏
j=1

(nj − σ)mj

(
t
Kn(ξ

∗
j ,V )

Hn(V )

)nj−σ
(
t
Kn(ξ

∗
j ,V )

Hn(V )
+

n+m∑
i=n+1

ui k(Xi, ξ
∗
j )

)σ−nj−mj

du dt.
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Considering the change of integration variables (t,u) 7→ (s,w) such that

s =
t

Hn(V )
+

n∑
i=1

ui, wi =
ui
s
, i = 1, . . .m− 1, du dt = smHn(V ) ds dw,

and rearranging the terms, the expression above is rewritten as

= R(Y +,X+,β+)Q(X+, ξ+)Hn(V )θ+n
k∏
j=1

(
Kn(ξ

∗
j ,V )

Hn(V )

)nj−σ

× Γ(θ + n)

Γ(θ + n+m)

σh+1

Γ(k + θ/σ)

k∏
j=1

(nj − σ)mj

k+h∏
j=k+1

(1− σ)mj−1 P0(dξ
∗
j )Q0(dβ

∗
j )

×
∫
∆m

∫
R+

s(k+h)σ+θ exp

{
−sσ

∫
X
K+
m(ξ,w;V )σP0(dξ)

}
ds

×
k∏
j=1

K+
m(ξ

∗
j ,w;V )σ−nj−mj

k+h∏
j=k+1

K+
m(ξ

∗
j ,w;V )σ−mj fθ+n,1,...,1(w) dw,

where fθ+n,1,...,1(w) denotes the density function of the Dirichlet distribution with parameters
(θ + n, 1, . . . , 1), and the function K+

m(ξ,w;V ) is defined as

K+
m(ξ,w;V ) = w0Kn(ξ,V ) +

m∑
i=1

wi k(Xn+i, ξ).

Finally, computing the integral with respect to s, one gets

= R(Y +,X+,β+)Q(X+, ξ+)Hn(V )θ+n
k∏
j=1

(
Kn(ξ

∗
j ,V )

Hn(V )

)nj−σ

×
∏h−1
ℓ=0 (θ + kσ + ℓσ)

(θ + n)m

k∏
j=1

(nj − σ)mj

k+h∏
j=k+1

(1− σ)mj−1 P0(dξ
∗
j )Q0(dβ

∗
j )

×
∫
∆m

(∫
X
K+
m(ξ,w;V )σP0(dξ)

)−(k+h+θ/σ) k∏
j=1

K+
m(ξ

∗
j ,w;V )σ−nj−mj

×
k+h∏
j=k+1

K+
m(ξ

∗
j ,w;V )σ−mj fθ+n,1,...,1(w) dw,

The result is obtained by rearranging the terms and defining the following function:

H+
m(w;V ) =

(∫
X
K+
m(ξ,w;V )σP0(dξ)

)1/σ

.
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Proof of Corollary 4.7 The joint predictive distribution for the additional response Yn+1 and
corresponding latent location ξn+1 and regression parameter βn+1 is derived from Proposition 4.6
in case m = 1. The specific form of this distribution depends on the allocation of the additional
observation within the random partition structure induced by the previous latent locations, that
is, on the specific value assumed by the random variable ξn+1; indeed, two alternative cases can
be identified, corresponding to h = 0 and h = 1.

(1) The latent location ξn+1 displays a tie with values in ξ, say ξn+1 = ξ∗j , that is, h = 0 and
mj = 1:

P(Yn+1 ∈ dy, ξn+1 = ξ∗j , βn+1 = β∗j | ξ,β,V ) ∝ ϕ(y;Xn+1, β
∗
j ) dy k(Xn+1, ξ

∗
j )

× nj − σ
θ + n

∫ 1

0

H+
1 (w;V )−(θ+n)

K+
1 (ξ∗j , w;V )

k∏
ℓ=1

(
K+

1 (ξ∗ℓ , w;V )

H+
1 (w;V )

)σ−nℓ

f1,θ+n(w) dw,

where f1,θ+n(w) is the density function of a Beta distribution with parameters 1 and θ+ n;
in this case, with reference to the general expression in Proposition 4.6, the integration
variables (w0, w1) simplify to (1− w,w), and therefore

K+
1 (ξ, w;V ) = (1− w)Kn(ξ,V ) + w k(Xn+1, ξ).

(2) The latent location ξn+1 assumes a new value, not included in ξ:

P(Yn+1 ∈ dy, ξn+1 ∈ dξ, βn+1 ∈ dβ | ξ,β,V ) ∝ ϕ(y;Xn+1, β) dy k(Xn+1, ξ)P0(dξ)Q0(dβ)

× θ + kσ

θ + n

∫ 1

0

H+
1 (w;V )−(θ+n+σ)

K+
1 (ξ, w;V )1−σ

k∏
ℓ=1

(
K+

1 (ξ∗ℓ , w;V )

H+
1 (w;V )

)σ−nℓ

f1,θ+n(w) dw.

The result is obtained by unifying the two cases above into a unique expression and factorizing
the common terms.

Proof of Lemma 4.8 (sketch) The predictive distribution of the latent variable Wn+1, given
the previous locations ξ and latent variables V , has density function proportional to (4.13),

θ + kσ

θ + n

∫
X

k(Xn+1, ξ)

K+
1 (ξ, w;V )

(
K+

1 (ξ, w;V )

H+
1 (w;V )

)σ
P0(dξ) +

k∑
j=1

nj − σ
θ + n

k(Xn+1, ξ
∗
j )

K+
1 (ξ∗j , w;V )


×H+

1 (w;V )−(θ+n)
k∏
j=1

(
K+

1 (ξ∗j , w;V )

H+(w;V )

)σ−nj

f1,θ+n(w),

where f1,θ+n(w) is the density function of a Beta distribution with parameters 1 and θ + n.
Consider the linear transformation U = nWn+1; the random variable U takes non-negative values
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and has density function proportional toθ + kσ

θ + n

∫
X

k(Xn+1, ξ)

K+
1 (ξ, u/n;V )

(
K+

1 (ξ, u/n;V )

H+
1 (u/n;V )

)σ
P0(dξ) +

k∑
j=1

nj − σ
θ + n

k(Xn+1, ξ
∗
j )

K+
1 (ξ∗j , u/n;V )


×H+

1 (u/n;V )−(θ+n)
k∏
j=1

(
K+

1 (ξ∗j , u/n;V )

H+(u/n;V )

)σ−nj (
1− u

n

)θ+n−1
.

In the limit for n→∞, exploiting standard first-order Taylor expansions,

lim
n→∞

(
K+

1 (ξ, u/n;V )

Kn(ξ,V )

)αn

= lim
n→∞

(
1 +

u

n

k(Xn+1, ξ)

Kn(ξ,V )
− u

n

)αn

= lim
n→∞

exp

{
u
αn
n

k(Xn+1, ξ)

Kn(ξ,V )
− u αn

n

}
= exp

{
uα

k(Xn+1, ξ)

K∞(ξ,V )
− uα

}
,

where (αn)n is a sequence of real values such that limn αn/n = α, and the function

K∞(ξ,V ) = lim
n→∞

Kn(ξ,V ) > 0, ∀ ξ ∈ X,

is assumed to be strictly positive for every ξ ∈ X. Moreover, using similar arguments based on
first-order Taylor expansions,

lim
n→∞

(
H+

1 (u/n;V )

Hn(V )

)αn

= lim
n→∞

exp

{
αn
σ

log

(∫
X
K+

1 (ξ, u/n;V )σP0(dξ)

)
− αn logHn(V )

}
= lim

n→∞
exp

{
u
αn
n

∫
X

k(Xn+1, ξ)

Kn(ξ,V )

(
Kn(ξ,V )

Hn(V )

)σ
P0(dξ)− u

αn
n

}
= exp

{
uα

∫
X

k(Xn+1, ξ)

K∞(ξ,V )

(
K∞(ξ,V )

H∞(V )

)σ
P0(dξ)− uα

}
,

where H∞(V ) is defined as Hn(V ) replacing the integrand function Kn(ξ,V ) with its limit.
Note that the terms in the first line of the density function above are characterized by bounded
values for the sequence αn, which implies α = 0: therefore, they can be disregarded, in the
approximation for n→∞, as they do not depend on u. On the other hand, in the second line of
the density function, for n→∞,

H+
1 (u/n;V )−(kσ+θ)

≈ Hn(V )−(kσ+θ) exp

{
u
kσ + θ

n
− u kσ + θ

n

∫
X

k(Xn+1, ξ)

Kn(ξ,V )

(
Kn(ξ,V )

Hn(V )

)σ
P0(dξ)

}
,

while, for each j = 1, . . . , k and n→∞,

K+
1 (ξ∗j , u/n;V )σ−nj ≈ Kn(V )σ−nj exp

{
u
nj − σ
n

− u nj − σ
n

k(Xn+1, ξ
∗
j )

Kn(ξ∗j ,V )

}
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Under the prior distribution P for the latent locations, and the induced partition structure, the
number of partition groups is such that limn k/n = 0, and therefore the term H+

1 (u/n;V )−(kσ+θ)

does not depend on u in the limit approximation. As a result, collecting the terms for which
dependence on u is preserved in the limit, the approximated density function of the random
variable U is proportional to

exp

−u
k∑
j=1

nj
n

k(Xn+1, ξ)

Kn(ξ,V )

 ,

which in turn is proportional to the density function of an exponential random variable. Finally,
the result is obtained by multiplying the random variable U by the rate of the exponential
distribution above, so that the transformed random variable is exponential with unit rate.

A.4 Proofs of Chapter 5

Proof of Proposition 5.2 Consider the likelihood function, i.e. the conditional distribution of
the observations X, given the random measure µ̃:

L(µ̃;X) = P(X | µ̃) =
n∏
i=1

µ̃(dXi)

µ̃(X)
= µ̃(X)−n

n∏
i=1

µ̃(dXi)

=
1

Γ(n)

∫
R+

un−1 exp

{
−
∫
X
u µ̃(dx)

} k∏
j=1

µ̃(dX∗
j )
nj du,

(A.6)

where a standard analytical manipulation based on the density of a gamma random variable is
used in the second line. The marginal distribution is obtained by marginalization with respect to
µ̃, that is

P(X) =
1

Γ(n)

∫
R+

un−1 E

exp{−∫
X
u µ̃(dx)

} k∏
j=1

µ̃(dX∗
j )
nj

 du;
The distribution of the random measure µ̃ is absolutely continuous with respect to the distribution
of a σ-stable completely random measure µ̃σ, with Radon-Nikodym derivative (5.1),

dL(µ̃) = σΓ(θ)

Γ(θ/σ)

(∫
X
G(x)µσ(dx)

)−θ
dL(µ̃σ)

=
σ

Γ(θ/σ)

∫
R+

uθ−1
0 exp

{
−
∫
X
u0G(x) µ̃σ(dx)

}
du0 dL(µ̃σ);
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therefore, the expectation above can be rewritten as an expectation with respect to a σ-stable
completely random measure,

P(X) =
1

Γ(n)

σ

Γ(θ/σ)

∫
R+

∫
R+

uθ−1
0 un−1

× E

exp{−∫
X
(u+ u0G(x)) µ̃σ(dx)

} k∏
j=1

µ̃σ(dX
∗
j )
nj

 du du0.
This expectation can be computed exploiting the identity in (2.10) with α(dx) = P0(dx) and
f(x) = u+ u0G(x),

=
1

Γ(n)

σk+1

Γ(θ/σ)

k∏
j=1

(1− σ)nj−1 P0(dX
∗
j )

∫
R+

∫
R+

uθ−1
0 un−1

× exp

{
−
∫
X
(u+ u0G(x))

σP0(dx)

} k∏
j=1

(u+ u0G(X
∗
j ))

σ−njdu du0,

where the expressions in (A.3) for the Laplace exponent and cumulants of the σ-stable completely
random measure µ̃σ are substituted. Considering the change of variables (u, u0) 7→ (t, v) such
that

t = u+ u0, v =
u0

u+ u0
, du du0 = t dt dv.

the expression of the marginal distribution becomes

=
1

Γ(n)

σk+1

Γ(θ/σ)

k∏
j=1

(1− σ)nj−1P0(dX
∗
j )

∫ 1

0
vθ−1(1− v)n−1

×
∫
R+

tkσ+θ−1 exp

{
−t
∫
X
(1 + v G(x))σP0(dx)

}
dt

k∏
j=1

(1 + v G(X∗
j ))

σ−nj dv.

The integral with respect to t can be computed analytically,

=
σk

Γ(n)

Γ(k + θ/σ)

Γ(θ/σ)

k∏
j=1

(1− σ)nj−1 P0(dX
∗
j )

∫ 1

0
vθ−1 (1− v)n−1

(∫
X
(1 + v G(x))σP0(dx)

)−(k+θ/σ) k∏
j=1

(1 + v G0(X
∗
j ))

σ−nj dv;

the result is obtained by rearranging the terms and defining the following function:

H(v) :=

(∫
X
(1 + v G(x))σP0(dx)

)1/σ

.
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Proof of Corollary 5.3 Considering the expression of the marginal distribution, one can
safely substitute σ = 0 everywhere, except for the term H(v), which can be rewritten as

H(v) = exp

{
1

σ
log

(∫
X
(1 + v G0(x))

σP0(dx)

)}
= exp

{
1

σ
log

(∫
X
eσ log(1+v G0(x))P0(dx)

)}
.

The limit for σ → 0 is obtained by exploiting the Taylor expansions of the exponential and
logarithm functions,

lim
σ→0

H(v) = lim
σ→0

exp

{
1

σ
log

(∫
X
eσ log(1+v G0(x))P0(dx)

)}
= lim

σ→0
exp

{
1

σ
log

(
1 + σ

∫
X
log(1 + v G0(x))P0(dx)

)}
= exp

{∫
X
log(1 + v G0(x))P0(dx)

}
.

Therefore, the limit of the marginal distribution for σ → 0 is

Γ(θ)

Γ(n+ θ)

k∏
j=1

Γ(nj) θP0(dX
∗
j )

∫ 1

0
exp

{
−
∫
X
log(1 + v G0(x)) θP0(dx)

}
k∏
j=1

(1 + v G0(X
∗
j ))

−nj fθ,n(v) dv.

Proof of Proposition 5.4 The exchangeable partition probability function, that is, the
marginal distribution of the induced random partition, is obtained from the marginal distribution
in Proposition 5.2 upon marginalization of the distinct values X∗

1 , . . . , X
∗
k . Specifically, the

marginal distribution can be rewritten as

P(X) =

∏k−1
ℓ=1 (θ + ℓσ)

(θ + 1)n−1

k∏
j=1

(1− σ)nj−1

×
∫ 1

0
H(v)−θ

k∏
j=1

(
(1 + v G0(X

∗
j ))

σ−nj P0(dX
∗
j )

H(v)σ

)
fθ,n(v) dv.

Marginalizing the distinct values X∗
1 , . . . , X

∗
k , the quantity in the parentheses above turns into

S(v;nj) :=

∫
X
(1 + v G0(x))

σ−njP0(dx)∫
X
(1 + v G0(x))

σP0(dx)

, j = 1, . . . , k.
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where the function H(v) is made explicit; therefore, the exchangeable partition probability
function can be written as

P(Π) =

∏k−1
ℓ=1 (θ + ℓσ)

(θ + 1)n−1

k∏
j=1

(1− σ)nj−1

∫ 1

0
H(v)−θ

k∏
j=1

S(v;nj) fθ,n(v) dv.

Proof of Proposition 5.5 The posterior distribution of the random measure µ̃, given the
observations X, can be characterized through its conditional Laplace transform,

E
[
exp

{
−
∫
X
h(x) µ̃(dx)

} ∣∣∣X] = E
[
exp

{
−
∫
X
h(x) µ̃(dx)

}
L(µ̃;X)

]
E [L(µ̃;X)]

,

where h : X 7→ R+ is any non-negative measurable function. The quantity at the denominator
is the marginal distribution in Proposition 5.2, while the expectation at the numerator can be
computed similarly; specifically, from the augmented likelihood in (A.6),

E
[
exp

{
−
∫
X
h(x) µ̃(dx)

}
L(µ̃;X)

]

=
1

Γ(n)

∫
R+

un−1E

exp{−∫
X
(h(x) + u) µ̃(dx)

} k∏
j=1

µ̃(dX∗
j )
nj

 du.
According to the change of measure (5.1) defining the random measure µ̃, the expectation above
can be rewritten as an expectation with respect to a σ-stable completely random measure,

=
1

Γ(n)

σ

Γ(θ/σ)

∫
R+

∫
R+

uθ−1
0 un−1

× E

exp{−∫
X
(h(x) + u+ u0G(x)) µ̃σ(dx)

} k∏
j=1

µ̃σ(dX
∗
j )
nj

 du du0;
exploiting the identity in (2.10) with α(dx) = P0(dx) and f(x) = h(x) + u+ u0G(x),

=
1

Γ(n)

σk+1

Γ(θ/σ)

k∏
j=1

(1− σ)nj−1 P0(dX
∗
j )

∫
R+

∫
R+

uθ−1
0 un−1

× exp

{
−
∫
X
(h(x) + u+ u0G(x))

σP0(dx)

} k∏
j=1

(h(X∗
j ) + u+ u0G(X

∗
j ))

σ−njdu du0,
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Therefore, the conditional Laplace transform is

E
[
exp

{
−
∫
X
h(x) µ̃(dx)

} ∣∣∣X]

=

∫
R+

∫
R+

uθ−1
0 un−1 exp

{
−
∫
X
(h(x) + u+ u0G(x))

σP0(dx)

} k∏
j=1

(h(X∗
j ) + u+ u0G(X

∗
j ))

σ−njdu du0

∫
R+

∫
R+

uθ−1
0 un−1 exp

{
−
∫
X
(u+ u0G(x))

σP0(dx)

} k∏
j=1

(u+ u0G(X
∗
j ))

σ−njdu du0

Rearranging the terms of the integrand function at the numerator in order to match the those of
the integrand at the denominator, one gets

=

∫
R+

∫
R+

exp

{
−
∫
X

(
(h(x) + u+ u0G(x))

σ − (u+ u0G(x))
σ
)
P0(dx)

}
×

k∏
j=1

(
h(X∗

j ) + u+ u0G(X
∗
j )

u+ u0G(X∗
j )

)σ−nj

f(u0, u) du du0,

where f(u0, u) is a density function proportional to

uθ−1
0 un−1 exp

{
−
∫
X
(u+ u0G(x))

σP0(dx)

} k∏
j=1

(u+ u0G(X
∗
j ))

σ−nj .

The exponential term coincides with Laplace transform of a generalized gamma completely
random measure (see Section 2.7) evaluated at function h(x), and thus can be rewritten as

exp

{
−
∫
X

(
(h(x) + u+ u0G(x))

σ − (u+ u0G(x))
σ
)
P0(dx)

}
= exp

{
−
∫
X
ψ∗(h(x) | x)P0(dx)

}
= E

[
exp

{
−
∫
X
h(x) µ̃∗(dx)

}]
,

where µ̃∗ is a generalized gamma completely random measure having Lévy intensity measure

ν∗(ds, dx) =
σ

Γ(1− σ)
s−1−σ exp {−(u+ u0G(x)) s} dsP0(dx).

Moreover, the product of ratios coincides with the product of Laplace transforms of gamma
random variables, computed at values h(X∗

j ), for j = 1, . . . , k, that is

(
h(X∗

j ) + u+ u0G(X
∗
j )

u+ u0G(X∗
j )

)σ−nj

= E
[
exp

{
−h(X∗

j )Wj

}]
, j = 1, . . . , k,
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where each Wj is a gamma random variable with shape nj − σ and rate u+ u0G(X
∗
j ). Hence,

the conditional Laplace transform can be written as

E
[
exp

{
−
∫
X
h(x) µ̃(dx)

} ∣∣∣X]
=

∫
R+

∫
R+

E
[
exp

{
−
∫
X
h(x) µ̃∗(dx)

}] k∏
j=1

E
[
exp

{
−h(X∗

j )Wj

}]
f(u0, u) du du0

=

∫
R+

∫
R+

E

exp
−

∫
X
h(x) µ̃∗(dx)−

k∑
j=1

h(X∗
j )Wj


 f(u0, u) du du0;

the posterior distribution of the random measure µ̃ can be regarded as a mixture of completely
random measures, having Lévy intensities depending on the mixing latent parameters U0 and U ,
distributed according to f(u0, u). By further conditioning on such auxiliary variables,

E
[
exp

{
−
∫
X
h(x) µ̃(dx)

} ∣∣∣X, U0, U

]
= E

exp
−

∫
X
h(x) µ̃∗(dx)−

k∑
j=1

h(X∗
j )Wj


 ;

which highlights the structure of the conditional posterior distribution of the random mea-
sure µ̃ as the sum of the non-homogeneous generalized gamma completely random measure
µ̃∗ and the gamma-distributed random jumps W1, . . . ,Wk at fixed locations X∗

1 , . . . , X
∗
k ; more-

over, these components are mutually independent. The proof is concluded by the following
reparameterizations.

(1) Consider the change of variables (u0, u) 7→ (z, v) such that

z = u0 + u, v =
u0

u0 + u
, du0 du = z dz dv;

the joint density function of Z and V is proportional to

f(z, v) ∝ zkσ+θ−1 vθ−1 exp

{
−zσ

∫
X
(1 + v G(x))σP0(dx)

} k∏
j=1

(1 + v G(X∗
j ))

σ−nj .

(2) Consider the change of variables t = z H(v), where the quantity H(v) is defined in (5.5);
the joint density function of T and V is proportional to

f(t, v) ∝ tkσ+θ−1 e−t
σ
H(v)−(θ+kσ) vθ−1

0

k∏
j=1

(1 + v G(X∗
j ))

σ−nj .

In conclusion, the auxiliary latent variables T and V are independent, the random variable
V has density function as in (5.8) and T has generalized gamma distribution. Moreover, the
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quantity u+ u0G(x) characterizing the random measure µ̃∗ and the random jumps W1, . . . ,Wk

is reparameterized as

u+ u0G(x) =
1 + v G(x)

H(v)
t.

Proof of Proposition 5.6 The distribution of the random measure µ̃∗ is characterized through
its Laplace transform; specifically, given the observations X the latent variables Vn and T , it is a
generalized gamma completely random measure,

E
[
exp

{
−
∫
X
h(x) µ̃∗(dx)

} ∣∣X, Vn, T

]
= exp

{
−
∫
X

(
h(x) +

1 + VnG0(x)

H(Vn)
T

)σ
P0(dx) + T σ

}
.

where the definition of H(Vn) is exploited. Therefore, upon marginalization with respect to the
random variable T , the distribution of µ̃∗ is characterized by the Laplace transform

E
[
exp

{
−
∫
X
h(x) µ̃∗(dx)

} ∣∣X, Vn

]
=

∫
R+

E
[
exp

{
−
∫
X
h(x) µ̃∗(dx)

} ∣∣X, Vn, T = t

]
fT (t |X) dt

=
σ

Γ(k + θ/σ)

∫
R+

tkσ+θ−1 exp

{
−
∫
X

(
h(x) +

1 + VnG0(x)

H(Vn)
t

)σ
P0(dx)

}
dt.

The exponential term coincides with the Laplace transform of a σ-stable completely random
measure, having Lévy intensity measure (4.6), evaluated at function h(x)+t (1+VnG0(x))/H(Vn);
therefore, one obtains

=
σ

Γ(k + θ/σ)

∫
R+

tkσ+θ−1 E
[
exp

{
−
∫
X

(
h(x) +

1 + VnG0(x)

H(Vn)
t

)
µ̃σ(dx)

}]
dt

= E

[
exp

{
−
∫
X
h(x) µ̃σ(dx)

}
σ

Γ(k + θ/σ)

∫
R+

tkσ+θ−1 exp

{
−t
∫
X

1 + VnG0(x)

H(Vn)
µ̃σ(dx)

}
dt

]
.

By computing the integral with respect to t,

= E

[
exp

{
−
∫
X
h(x) µ̃σ(dx)

}
σ Γ(kσ + θ)

Γ(k + θ/σ)

(∫
X

1 + VnG0(x)

H(Vn)
µ̃σ(dx)

)−(kσ+θ)
]
;

in conclusion, the distribution of the random measure µ̃∗ is absolutely continuous with respect
to the distribution of µ̃σ, with Radon-Nikodym derivative

dL(µ̃∗)
dL(µ̃σ)

(m) =
σΓ(kσ + θ)

Γ(k + θ/σ)

(∫
X

1 + VnG0(x)

H(Vn)
m(dx)

)−(θ+kσ)

.
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Proof of Proposition 5.7 (marginal approach) The predictive distribution for the additional
observations is obtained from the marginal distribution in Proposition 5.2 as

P(X+ |X) =
P(X+,X)

P(X)
,

where the numerator is the marginal distribution for n + m observations. Specifically, the
numerator takes the form

P(X+,X) =

∏k+h−1
ℓ=1 (θ + ℓσ)

(θ + 1)n+m−1

k∏
j=1

(1− σ)nj+mj−1

k+h∏
j=k+1

(1− σ)mj−1

k+h∏
j=1

P0(dX
∗
j )

×
∫ 1

0
H(z)−(θ+n+m)

k∏
j=1

(
1 + z G(X∗

j )

H(z)

)σ−nj−mj k+h∏
j=+1

(
1 + z G(X∗

j )

H(z)

)σ−mj

fθ,n+m(z) dz,

where fθ,n+m(z) denotes the density function of the Beta distribution with parameters θ and n.
As a consequence, the joint predictive distribution is

P(X+ |X) =

∏h−1
ℓ=0 (θ + kσ + ℓσ)

(θ + n)m

k∏
j=1

(nj − σ)mj

k+h∏
j=k+1

(1− σ)mj−1 P0(dX
∗
j )

×
∫ 1

0
H(z)−(θ+n+m)

k∏
j=1

(
1 + z G(X∗

j )

H(z)

)σ−nj−mj

×
k+h∏
j=+1

(
1 + z G(X∗

j )

H(z)

)σ−mj

C(X)−1 fθ,n+m(z) dz,

where the quantity C(X) is the normalizing constant for the density function of the latent
variable Vn, that is

C(X) =

∫ 1

0
H(v)−(θ+n)

k∏
j=1

(
1 + v G(X∗

j )

H(v)

)σ−nj

fθ,n(v) dv.

The integral above can be augmented by introducing an additional integration variable, and
exploiting the density function of a rescaled Beta random variable, so that

fθ,n+m(z) =
Γ(θ + n+m)

Γ(θ)Γ(n+m)
zθ−1(1− z)n+m−1

=
Γ(θ + n+m)

Γ(θ)Γ(n)Γ(m)
zθ−1

∫ 1−z

0
zn−1
0 (1− z − z0)m−1 dz0.

Considering the change of variables (z0, z) 7→ (v, w) such that

w = z + z0, v =
z

w
, dz0 dz = w dw dv,
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the integral double integral can be rewritten as

∫ 1

0

∫ 1

0
H(wv)−(θ+n+m)

k∏
j=1

(
1 + wvG(X∗

j )

H(wv)

)σ−nj−mj

×
k+h∏
j=+1

(
1 + wvG(X∗

j )

H(wv)

)σ−mj

fθ+n,m(w) dwC(X)−1 fθ,n(v) dv.

Recalling that the density function of the auxiliary latent variables Vn in (5.8) is

fVn(v |X) = C(X)−1H(v)−(θ+n)
k∏
j=1

(
1 + v G(X∗

j )

H(v)

)σ−nj

fθ,n(v),

the joint predictive distribution is rewritten as

P(X+ |X) =

∏h−1
ℓ=0 (θ + kσ + ℓσ)

(θ + n)m

k∏
j=1

(nj − σ)mj

k+h∏
j=k+1

(1− σ)mj−1 P0(dX
∗
j )

×
∫ 1

0
H(v)θ+n

k∏
j=1

(
1 + v G(X∗

j )

H(v)

)nj−σ ∫ 1

0
H(wv)−(θ+n+m)

k∏
j=1

(
1 + wvG(X∗

j )

H(wv)

)σ−nj−mj

×
k+h∏
j=+1

(
1 + wvG(X∗

j )

H(wv)

)σ−mj

fθ+n,m(w) dw fVn(v |X) dv.

The result is obtained by conditioning on the auxiliary latent variable Vn, playing the role of
mixing parameters in the expression above.
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